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Abstract. We prove a T(l)-type theorem which characterizes the 
compactness of Calderon-Zygmund operators whose kernels satisfy 
additional, but arbitrary in size, decay and smoothness conditions. 
The methods characterize the compactness of singular integral op- 
erators acting on L P (R), 1 < p < oo, and also give an endpoint 
result analogue to the case L°°(R) — > BMO(M) of the classical 
T(l) theory. The generality of the result is illustrated by proving 
the compactness of certain perturbations of the Cauchy integral on 
curves with normal derivatives satisfying a VMO-condition. 

1. Introduction 

The theory of singular integrals started with the study of singular 
convolution operators such as the Hilbert and Riesz transforms. David 
and Journe's famous T(l) theorem jl] marked significant progress in 
the theory, characterizing the boundedness of a larger class of singular 
integral operators, including operators of non-convolution type. In con- 
trast with convolution operators, some of these operators are compact. 
Well known examples include certain Hankel operators [12], commuta- 
tors of singular integrals and multiplication operators [H], and layer 
potential operators [5]. The study of compactness of singular integral 
operators has been an area of active research, and continues to be so 
today with a variety of applications, many in the field of elliptic partial 
differential equations [5]. 

The purpose of this paper is to develop a general theory of compact- 
ness for a large class of singular integral operators that, in the spirit of 
David and Journe, describes when an operator is compact in terms of 
its action on special families of functions. We actually present a new 
T(l) theorem which completely characterizes the compactness of sin- 
gular integral operators, in analogy with the characterization of their 
boundedness given by the classical T(l) theorem. More precisely, we 
show that a singular integral operator T is compact on L P (M) if and 
only if it satisfies a new property of weak compactness, analogue to the 
classical weak boundedness, and the functions T(l) and T*(l) belong 
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to the space CMO(R), the appropriate substitute of BMO(R). Our 
hypotheses impose additional smoothness bounds on the kernel of T, 
beyond it being of Calderon-Zygmund type. However, the additional 
smoothness and decay can be of arbitrary size, and hence fully singu- 
lar kernels are within the scope of our theorem. As an illustration, we 
prove the compactness of certain perturbations of the Cauchy integral 
operator on Lipschitz curves with CMO-smooth normal derivatives. 

The paper is structured as follows: in Section 2, we give necessary 
definitions and state our main result, Theorem I2.19j in Section 3 we 
provide the application to perturbations of the Cauchy integral; in 
Section 4 we prove the necessity of the hypotheses of Theorem I2.19( all 
remaining sections are devoted to prove their sufficiency. In Section 5, 
we prove a fundamental lemma describing the action of the operator 
on bump functions. In Section 6, we demonstrate compactness on 
L p , 1 < p < oo, under special cancellation conditions. In Section 7, 
we construct the paraproducts which allow us to obtain compactness 
in full generality. Finally, in Section 8, we extend the results to the 
L°° n CMO — > CMO endpoint case, which is needed for the application 
in Section 3. 

We express our gratitude in chronological order to Sandy Davie, 
Xavier Tolsa, Christoph Thiele, Tuomas Hytonen, Fernando Soria, Ig- 
nacio Uriarte and Andrei Stoica for their suggestions and comments 
which led to substantial improvements of this paper. Further, the sec- 
ond author would like to especially thank Ja Young Kim for many 
interesting conversations. 

2. Definitions and statement of the main result 

Definition 2.1. We will say that three measurable functions L,S,D : 
[0, oo) — > [0, oo) constitute a set of admissible functions if they are 
bounded and the following limits hold 

(1) lim L(x) = lim S(x) = lim D(x) = 

x— ¥oo x—^0 x— >oo 

Remark 2.2. Since any fixed dilation of an admissible function L\(x) = 
L(\~ 1 x) is again admissible, we will often omit all universal constants 
appearing in the argument of these functions. 

Definition 2.3. Let A be the diagonal ofR 2 . Let L, S, D be admissible 
functions. 

A function K : (IR 2 \ A) — > C is called a compact Calderon-Zygmund 
kernel if lim K(x, t) = 0, and for some < 5 < 1 and C > 0, we 

\x—t\^oo 

have 

\K(x,t)-K(x',t')\ < C {IX ~,^l + i+7 ^ L(\x-t\)S(\x-t\)D(\x+t\) 
whenever 2(|x — x'\ + \t — t'\) < \x — t\ . 
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We remark that there is an equivalent definition of compact Calderon- 
Zygmund kernels which is more convenient to use in applications of the 
theory (see Section 3). As we will see in greater detail in Section |4"72"| 
K fulfilling the smoothness hypothesis of Definition 12.31 is equivalent 
to the existence of a bounded function B : M. 2 — > [0, oo) such that 

lim B(x,t) = lim B(x,t) = lim B(x,t) = 

\x— 1\— >oo \x— 1\— >0 [a;+i[— Kxi 

and for some < 5 < 1 and C > 0, 

\K(x, t) - K(x', t f ) | < C {lx ~ * l +Jt~* l)S B(x, t) 

whenever 2(\x — x'\ + \t — t'\) < \x — t\. 

Moreover, in order to simplify notation, we will often write 

F(x,t) = L(\x-t\)S(\x-t\)D(\x + t\) 

We start with a technical lemma showing that the smoothness con- 
dition of the kernel K automatically implies the expected decay. This 
explains why our definition of compact kernel does not involve a de- 
cay condition stronger than convergence to zero when \x — t\ tends 
to infinity. Note that the proof in fact works for classical standard 
Calderon-Zygmund kernels as well. 

Lemma 2.4. Let K be a compact Calderon-Zygmund kernel as given 
in Definition \2.3[ Then 

\K(x,t)\ < -J—F(x,t) 
\x — 1\ 

for all (x, t) G 1R 2 \ A, with a possibly different function F of the same 
type as F. 

Proof. For every fixed (x, t) 6 R 2 \ A we denote by B X}t the set the 
points (x',t') e R 2 \ A such that 2(\x - x'\ + \t- t'\) < \x - t\, that is, 
the closed ^-norm ball with centre (x,t) and radius \x — t\/2. 
Then, 

\K(x, t) | < \K(x', t') | + \K(x, t) - K(x', t') | 

< \K(x', 01 + ^ X '\^t^s A)& L ^ ~ Wl* - t\)D(\x + t\) 

<\K(x',t')\+2- s v ^—F(x,t) 
\x — 1\ 

for all (x', t') G B x>t - Therefore 

\K(x,t)\ < inf \K(x',t')\ + ——F(x,t) 

B-t \x — t\ 
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Now we fix (x, t) G M 2 \ A. By symmetry we can assume that x > t. 
Then, for fixed < e < 1/3, we consider the sequence {(x n , t„)}„>o C 
M 2 \ A defined by x = x, t = t and 

x n = x n -! + (1 - e)/4|x„_i - i„_i| 

t n = t n -i - (1 - e)/A\x n -i - t n -i\ 

for all n > 1. Notice that this way (x n , i n ) G S x „_i,t„_i and so, by 
previous calculations, 

|#(a;,f)| < + | ^ F(rr ,t ) 

< \K(x 2 ,t 2 )\ + | —rF(xi, ti) + i ° — F(x ,t ) 

\Xi — ti I |X() — to I 

and by recursion, 

n— 1 

|X(x,t)| < 1^(^,4)1 — F(x fc ,t fc ) 

fc=o fc| 

Moreover 

|-^n tn\ |-^n— 1 t n — 1 "I - (1 ^)/2|x n _i t n _i|| 

= (3 - e)/2|x n _! - t n _x| = ((3 - e)/2) n |x - t | > (4/3)> - t| 
while 

+ t n \ = \x n -i + £ n -l| — \xq + to | — \ x + t\ 

Therefore, 

\K(x,t)\ < lim |ir(x n ,t n )| + C^— —F(x k , t k ) 

with 

F(x fc , t fc ) = L{\x k - t k \)S{\x k - t k \)D(\x k + t k \) 
= L((3 - e)/2) k \x - t\)S((3 - e)/2) k \x - t\)D(\x + t|) 
This finally shows that 

\K(x,t)\ < -J—F(x,t) 

with F(x,t) = CJ2T=o (4/~3)k F(x k ,t k ). Notice that an application of 
Lebesgue's Dominated Convergence Theorem shows that the function 
F satisfies the same limit properties as F. 

Remark 2.5. When 5 = 1 and the kernel K is differentiable away 
from the diagonal, the smoothness condition is satisfied if we assume 
the stronger hypothesis 

\d t K(x,t)\ + \d x K(x,t)\ < —!—-F(x,t) 

\x — tr 
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Definition 2.6. Let T : «S(R) — > S'(M) be a linear operator which 
is continuous, where S(M) is equipped with the Schwartz topology and 
<S'(R) with the dual topology of tempered distributions. We say that T 
is associated with a compact Calderon-Zygmund kernel K if the action 
of T(f) as a distribution satisfies the following integral representation 

(T(f),g)= [ [ f(t)g(x)K(x,t)dtdx 

for all Schwartz functions f,g £ iS(IR) with disjoint compact supports. 

Definition 2.7. For every interval I C R we denote its centre by c(I) 
and its length by Then, for < p < oo, we say that a Schwartz 
function is an L P (IR) -normalized bump function adapted to I with 
constant C > and order N G N, if it satisfies 

\<p {n \x)\ < C\I\- 1/p - n {\ + \I\~ x \x - c(I)\)- N , < n < N 

Observe that these bump functions are normalized to be uniformly 
bounded in L P (IR). The order of the bump functions will always be 
denoted by N, even though its value might change from line to line. 
We will often use the greek letters 0, ip for general bump functions while 
we reserve the use of ip to denote bump functions with mean zero. If 
not otherwise stated, we will usually assume that bump functions are 
L 2 (IR)-normalized. 

In Proposition 15. 7\ we use the same concept for functions of two 
variables. By this we simply mean that the function satisfies the cor- 
responding bounds of product tensor type: 

|W^ lll2 )|<Cn \I i \- 1 / 2 - ni (l+\I i \- 1 \x i -c(I i )\)- N , 0<n<N 

i=l,2 

A result we will often use is the following property of bump functions 
whose proof can be found in [13] : 

Lemma 2.8. Let I , J be intervals and let (pi, (fj be bump functions 
L 2 - adapted to I and J respectively with order N and constant C > 0. 
Then, 

1 /2 

\(4>i,<pj)\ < C ( ^^Tjy ) Kx(|J|, |J|)- 1 diam(/ u J)) N 
Moreover, if \J\ < |/| and ipj has mean zero then 

/I 71 \ 3/2 

\{foM\ ^ C \W\) (i'r'diamtlUJ))-^ 

Notation 2.9. To clarify the previous result, we introduce some no- 
tation which will be frequently used throughout the paper. We denote 
by 1 = [-1/2, 1/2] and B A = AB = [-A/2, A/2]. Given two intervals 
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/, J C 1, we define (I, J) as the smallest interval containing I U J and 
we denote its measure by diam(7 U J), that is, 

diam(JUJ) « \I\/2 + |c(7) - c(J)| + | J|/2 
« |/| + dist(J, J) + |J| 
« max(|7|, |J|) + dist(7, J) 

where dist(J, J) denotes the set distance between I and J. Actually, 
|7|/2+|c(7)-c(J)| + |J|/2< diam(7UJ) < 2(|7|/2+|c(7)-c(J)| + | J\/2) 
and 

2- 1 (\I\ + dist(7, J) + | J|) < diam(7 U J) < |/| + dist(7, J) + | J\ 

We also define the relative distance between I and J by rdist(7, J) = 
max(|7|, | J|) _1 diam(7U J), which essentially is the number of times the 
larger interval needs to be shifted so that it contains the smaller one. 
Notice that 

rdist(7,J) w l + max(|7|,|J|)- 1 |c(7) -c(J)| 
w 1 + max(|7|, | J|)~ 1 dist(7, J) 

Given a rectangle in M. 2 , I x J, we define its eccentricity as 

ec(/, J ) = ^y'-' J i) 
max(|7|, \J\) 

Definition 2.10. We say that a linear operator T : <S(R) — > S'(M) 
satisfies the weak compactness condition, if there exist admissible func- 
tions L, S, D such that: for every e > there exists M G N so that for 
any interval I and every pair (f>i,(pi of L 2 -normalized bump functions 
adapted to I with constant C > and order N, we have 

I (T((f>i), (fi))\ ^ C(L(2~ M |7|)S'(2 M |7|)7}(M~ 1 rdist(7, B 2 m)) + e) 

where the implicit constant only depends on the operator T . 

From now on, we will denote 

F K (I) = L K (\I\)S K (\I\)D K (i<3M(I,M)) 

and 

F W (I; M) = L w (2- M \I\)S w (2 M \I\)D w (M' 1 rdist(I,M 2 M)) 

where L K , Sk and D K are the functions appearing in the definition 
of a compact Calderon-Zygmund kernel, while L w , Sw, D w and the 
constant M are as in the definition of the weak compactness condition. 
Note that the value M = M?^ depends not only on T but also on e. 
We will also denote F(I; M) = F K (I) + F W (F, M), 

n n n 

F K (h,... ,/„) = ( x; L K(\h\)) ( E ww) ( E D «( rdist ( J - B ))) 
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n n 



Fw{h, ■ ■ ■ 



I n ,M) 



(J2Lw(2- M \I l \)){J2Sw(2 M \I l 



D) 




n 



(^ J D w (M- 1 rdist(4B))) 



i=i 



and F(Ii, ■ ■ • , 



In,M) 



Fk(Ii, ■ ■ ■ ,In) + Fw{h, ■ ■ • > 



J n ;M). 



In order to prove our main results about compact singular integral 
operators, we will use the following characterization of compact oper- 
ators in a Banach space with a Schauder basis (see for example [6]). 

Theorem 2.11. Suppose that {e n } n£ ^ is a Schauder basis of a Banach 
space E. For each positive integer k, let P^ be the canonical projection, 



Then, a bounded linear operator T : E — )■ E is compact if and only if 
Pk °T converges to T in operator norm. 

Definition 2.12. For every MeN, let Xm be the family of intervals 
such that 2~ M < \I\ < 2 M and rdist(7, B 2 m) < M. Let V be the family 
of dyadic intervals of the real line. We also define V M as the intersec- 
tion ofX M with V. For every fixed M , we will call the intervals in X M 
and T>m as lagom intervals and dyadic lagom intervals respectively. 

Notice that I E V M implies that 2~ M (2 M + \c(I)\) < M and then 
\c(I)\ < (M — 1)2 M . Therefore, I C M M2 m with T M < 

On the other hand, I ^T>m implies either |/| > 2 M or |/| < 2~ M or 
2~ M < |/| < 2 M with \c(I)\ > (M — 1)2 M 

Let E be one of the following Banach spaces: the Lebesgue space 
LP(R), 1 < p < oo, the Hardy space H l (R), or the space CMO(R), 
to be introduced later as the closure in BMO(IR) of continuous func- 
tions vanishing at infinity. In each case, E is equipped with smooth 
wavelet bases which are also Schauder bases (see [7j and Lemma 12. 161) . 
Moreover, in all cases, we have at our disposal smooth and compactly 
supported wavelet bases. 

Definition 2.13. Let E be one of the previously mentioned Banach 
spaces. Let (tpi)i & x> be a wavelet basis of E. Then, for every MgN, 
we define the lagom projection operator Pm by 



where (/, V/> = J R f(x)i/)(x)dx. 

We also define the orthogonal lagom projection operator as P^if) = 




p M (f)= ^Cf,^}^ 



f-Pu(f). 
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Remark 2.14. Without explicit mention, we will let the wavelet basis 
defining Pm vary from proof to proof to suit our technical needs. 

We also note the use of the same notation for the action ofT(f) as 
a distribution and the inner product. We hope that this will not cause 
confusion. 

It is easy to see that both Pm and P M are self-adjoint operators since 

(f,P M (g))= ^2(fM(^i,P M (9)) 
iev M 

= Y,( P mU)^i)(^9) = (PmU),9) 
iev M 

We notice the difference with the usual projection operator, Vq for 
every measurable set flcR, defined by 



Vn(f)= J2 (fMfr 



lev 
I c fi 



Let S denote the square function associated with a wavelet basis 

|</,<MI 2 , y> 2 



lev 

Since we trivially have the pointwise estimates S(PM(f))(x) < S(f)(x) 
and S(P M (f))(x) < S(f)(x), by Littlewood-Paley theory, we deduce 
that the lagom projection operator and its orthogonal projection are 
both continuous on L P (M) for all 1 < p < oo. Moreover, the estimate 

1/2 



*V(/)||bmo(r) = sup (— i V \(f,ipi) 



< II / l|BMO(K) 



iev M 
icq 



shows that Pm is also bounded on BMO(IR) and, by duality, on if 1 (IR) 
with ||Pm||bmo(K)->bmo(r) < 1 and \\P M \\ (K) < 1- For similar 
reasons, we also have ||Pm||bmo(r)^bmo(r) < 1 and \\P M \\m(R)-+m{R) < 
1 

We remark that in E, the equality 
(2) P M (f)= 52 (fM1>i 

is to be interpreted in its Schauder basis sense, 

Jm \\Ph(f)- E (fMM\E = ® 

M'— >oa z — » 

iev M ,\v M 

Note that according to Theorem 12.111 an operator T : E — > E, is 
compact if and only if 

lim \\Pi}oT\\ = 

M->oo 



A CHARACTERIZATION OF COMPACTNESS FOR SINGULAR INTEGRALS 9 

where || • || is the operator norm. 

We provide now the definition and main properties of the space to 
which the function T(l) must belong if T is compact. 

Definition 2.15. We define CMO(M) as the closure in BMO(R) of 
the space of continuous functions vanishing at infinity. 

The next lemma gives the two main characterizations of CMO(R): 
the first in terms of the average deviation from the mean, and the 
second in terms of a wavelet decomposition. See [12] for the first, and 
[TO] for the second characterization. 

Lemma 2.16. i) f G CMO(M) if and only if f e BMO(R) and 

(3) lim sup — / \f{x) — fi\dx = 
M ^°°i£i M \I I J i 

where fi = jnfj f(x)dx. 

n) f G CMO(R) if and only if f G BMO(R) and 

(4) lim ||P^(/)|| BMO(R) = 



M->oo 

where 



|Pm(/)||bmo ( r) = sup-^||Pn(^(/))||2 

= su p(^ E i (/^/) i 2 ) 1/2 



I $ T> M 

i c n 



As a consequence, (ipi)i^v is a Schauder basis for CMO(R). 

We will mainly be using the wavelet decomposition formulation. 

Remark 2.17. Considering the comment after Definition \2.1S\ r we see 
that the preceding lemma is also true if we, in line with |12] , replace 
Xm by X' M consisting of those intervals I such that 2~ M < |/| < 2 M 
and \c(I)\ < M/2, and V M by V' M = T M n V. 

As the final notational detail of this section, we have the following 
definition. 

Definition 2.18. We denote by Lq MO (M) the closed subspace L°°(]R)n 
CMO(M) o/L°°. 

We now give the statement of our main result, leaving for forthcom- 
ing sections the exact meaning of T(l) and T*(l). 

Theorem 2.19. Let T be a linear operator associated with a compact 
C alder on- Zygmund kernel. 

Then T extends to a compact operator on L P (IR) for all p with 1 < 
p < oo if and only if T satisfies the weak compactness condition and 
the cancellation conditions T(1),T*(1) G CMO(R). 
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Under the same hypotheses, T is also compact as a map from L£? MO (IR) 
into CMO (mathbbR). Moreover, with the extra assumption T(l) = 
T*(l) = 0, T is compact on CMO(R). 

Remark 2.20. As a reference, we state that for every e > there is 
an M Q e N such that for every M > M , 



P>P|U P < CC p (Cs'(C K +C w )(C( sup F(I;M )+e)+M~ s '\\F\\ oo ) 



where C is a universal constant, C. p is the constant of boundedness 
of the square function on L P (IR), C$i a constant depending on < 
5' < 5 < 1, being S the exponent in the Definition \2.3\ of a compact 
C alder on- Zygmund kernel, and Ck and Cw are the constants appearing 
in the definitions of a compact C alder on- Zygmund kernel and the weak 
compactness condition, respectively. 



In this section we apply our main theorem to demonstrate the com- 
pactness of a certain perturbation of the Cauchy transform, for Lips- 
chitz paths in the complex plane satisfying a CMO-condition. The ex- 
ample illustrates with special clarity the scope and methodology of the 
new theory since the computations involved are essentially variations 
of the well known calculations pertaining to the study of the Cauchy 
transform in the classical T(l)-theory. We note that a T(6)-theorem for 
compactness in several dimensions is already under development, and 
it could be of further use in the compactness theory of Cauchy-type 
operators. 

Let A : R — > M. be an absolutely continuous function such that A' e 
L°° n CMO, and let F C C be the curve given by the parametrization 
z(t) = t + iA(t), t G R. Given points z(x),z(t) G T, we denote by 

<7z(x),z{t)i T z(*)At) G F tlle P° ints 



lying in between z(x) and z(t) with respect to the parametrization of 

r. 

The application we present concerns a perturbation of the Cauchy 
transform associated with T. Namely, define Tr : L P (T) — > L P (T) by 

T v f(z) = 2 [ f ( ; w) ds(w), f G i7(r), z e T, 

Jr z -w + 2(a z>w -T ZtW ) 

where ds denotes arc length measure on T. Note that if z = z(x) and 
w = z(t), then 



+ ||(P^ o T)(1)||bmo + || (Pi o T*)(1)||bmo 



) 



3. Applications 




Re [z — w + 2(cr Z] 



z,w 



t z>w )) = 2Re (z-w) 
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and 



(5) lm(z-w + 2(a ZiW -r ZiW )) = 

1 3 

A(x) - A(t) - 2A(x - ~(x - t)) + 2A(x - ~{x - t)) 

In analogy with the Hilbert transform, we also introduce the operator 
H r : L p (t) -> D>{r), 

Hrf(z) = [ = f , {w) r ds(w), f G i7(r), z G T. 
J r Re (3 - w) 

One might surmise that there is a sufficient amount of cancellation in 
(E]) to cause T r — H r to be compact on L P (T). We will apply the results 
of this paper to prove exactly this when ||^4'||oo is sufficiently small. 

Proposition 3.1. Suppose that A : M — > R zs absolutely continuous, 
and that A' G L°° fl CMO. Then, there exists an rj > smc/i i/iai 
Tr — i?r compact on L P (T), 1 < p < oo, whenever ||v4'||oo < V- 

Moving over to the real line, we have formally that 

oo > . \ n 

(6) (T r / - flr/)(*(*)) = £ ( T ) T " ' V^P?) (*), 

71=1 ^ ' 

where T n : L P (IR) — >■ L P (M) is the operator associated to the kernel 
_ (A(x) - A(t) - 2A(x - \{x - t)) + 2A{x - \{x - *)))" 

The expression for K\ is reminiscent of a double difference of A. Op- 
erators associated to such kernels have received attention by Coifman 
and Meyer [2J. Note that is anti-symmetric for each n. In what 
follows, we will prove that each K n is a compact Calderon-Zygmund 
kernel and that T n satisfies the weak compactness condition with ap- 
propriate bounds. Moreover, through an inductive procedure, we shall 
compute T n (l) and check its membership to CMO. This way, we will 
deduce that T n is compact and obtain the existence of a constant C > 
such that ||T n || L p^ LP < Then, by setting rj = 2/C, we will 

have finally proven Proposition 13.11 
Note that we may write 



K n (x,t) 



f j;A'(z)dz Ci^A>(z)dX 



x — t 



x — t \{x — t) 

V 2 J 

The inner expression can be interpeted as the difference of two averages 
of A'. From the estimate 

\fi-fj\ < ^-Jjf-fildt^^-JU-fjldt, 
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where J C I are two intervals such that |/| = 2| J\ and // denotes the 
average of / on /, we deduce 



\K n (x,t)\<2"\\AX 



BMO' 



X — t\ 



Demonstrating the smoothness condition of Definition 12.31 is more 
involved. Let x,t,t' e R with < 2\t — t'\ < \x — t\. We denote 
G n (x,t) = (x — t) n+1 K n (x,t) for notational convenience and notice 
that 



K n (x,t) -K n (x,t') 



G n (x,t') 



( a ._ t /)n+l_( a ._ f )n+l\ Gn (x,t)-G n (x,t') 



+ 



{x-t) 



n+1 



(x -t) n + l (x -t') n+1 

Regarding the first term of this decomposition, there exists, by the 
mean value theorem, a A between t and t', and therefore satisfying 
\t — \\ < \t — t'\, such that 



G n (x,t') 



n+l 



[x - t') n+1 -(x-t) 
(x -t) n+1 (x -t') n+1 



(n + l 



G n {x,t') (x-xy 



t-t 1 



For M > 0, let 



F hn (M) 



(x - t') n (x - t) n (x -t)(x- t') ' 
GJxA') 



sup 

2\t-t'\<\x-t\ 



[X 



V 



where I x>t is the interval with endpoints x and t, and X M is the set of 



M 



intervals I with center c(I) such that 2 _ < |/| < 2 and \c(I)\ < 
Clearly F± in is decreasing, and from the assumption that A' G CMO in 
conjunction with the estimate <^ it follows that H-Fi^Hoo < 2 n ||A'||g MO 
and limA/^oo Fi jn (M) = 0. This gives us control of the first term, 

(x -t r ) n+1 - (x -t) n+v 



G n (x,t') 



(x - t) n+1 (x - t') n+1 
'3 s " 



\t 


-A 


\x 


-A 2 



< (n + 1) (^-J F x>n (max (|log 2 (|x - t\)\ , \x + 

To deal with the second term we will consider the cases n = 1 and 
n > 2 separately. Suppose first that n > 2. Applying the mean value 
theorem, there exists a A with 

\A{t) + 2A{x--{x-t))-2A{x--{x-t))-X\ < \G x {x,t)-Gx{xJ)\ 
and such that 

GJx,t) -GJx,t') G l (x,t)-G l (x,t')(A(x)-X) n - 1 t-t' 
- = n — 



(x - t) n 



+i 



t-t' 



(x - 1)™- 1 (x - ty 
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At this point the condition A' e L°° comes into play, since it is neces- 
sary for estimating the first factor; 

G 1 (x,t) - G 1 (x,t') 



t-f 

On the other hand, introducing 

F 2>n (M) = sup 

2\t-t'\<\x-t\ 



U'Woo- 



A(x) - A 



x — t 



n-1 



we have that A' e CMO again implies that ||-F2,n|U ~ 4 n ||A'||g MO and 
lim F 2 , n (M) = 0. Therefore, 

G n (x,t)-G n (x,t') 



(x-t) 



n+l 



< 



nWA'W^n (max(]log 2 (|x - t\)\ , \x + t\)) 



\t-t'\ 
\x — 1\* 



When n — 1, the previous argument fails. Instead, we pick a 5, 
< 5 < 1, and write 





-G 1 (x,t') 




G x {x,t) - 


\t-tf- s 


\t-tf 


(x 


-tf 




t-t' 


\x-tl 1 - 5 


\x-t\ l + 6 



Define 



F 2 ,i(M) = sup 

2\t-t'\<\x-t\ 



t-t' 



|i-t 



It is clear that ||.F2,i||oo ^ ||^/||oo- We prove now that liniM^oo ^2,1 (M) = 
0. For suppose that hin^^oo F 2j i(M) = £ > 0. Then there exists a se- 
quence (Mfc) with Mfc — >■ 00 and corresponding sequences (xfc), (£&), 
and (t' fc ) such that J Xfcjtfc G X^ fc , 2|t fe - £' fc | < \x k -t k \, and 



(8) 



t k ) — Gi(x k , t' k ) 



t k - t'u 



\tk - t'k 1 



I *' , > e/2. 
l^-tfci 1 - 5 1 



There could not exist a constant C > such that 

1^ -41 



\x k — ti 



> C 



for all k, for then 

Gi(x k ,t k ) - Gi(x k ,t' k ) 



tk - t' k 



\t k - t' k 



1 1 1— <5 



< 



>1-<S 



c 



G\(x k ,t k ) — Gi(x k ,t' k ) 

%k t k 



— > 0, A; — )> 00, 
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by the fact that A' £ CMO. Hence it must be that 

\tk - t' k \ 



lim 

fc— xx) \%k "fc | 



0. 



This also contradicts ([51) , however, since the first factor of the left hand 
side is bounded, seeing as A' £ By this contradiction we conclude 
that lim M ^ 00 F lj2 (M) = 0. 

Appealing to these estimates and the anti-symmetry of K n we may 
easily construct a set of admissible functions L n , S n and D n so that the 
conditions of Definition 12.31 are fulfilled with 5 = 1 for n > 2 and every 
5 < 1 for n = 1. Hence, K n is a compact Calderon-Zygmund kernel. 

We turn now to the verification of the weak compactness condition. 
For every compact interval I with center c(I), we introduce the kernel 



and note that 
(9) 

\K(x,t)\<- 
where 



Kfa,t) = \I\K n (\I\x + c(I),\I\t + c(I)), 



■F 3 , n (max (|log 2 (|/||x - t\)\ , + t) + 2c(/)|)) 



x — t 



sup 



G n (x,t) 



(x-ty 



As before it is clear that F 3 ^ n is a decreasing function with \\F 3}n 
2 n P'HSMO and lim M^oo F 3 ' n (M) = 0. For <p £ <S(R), we write = 
|/| _1 / 2 J ' > j • Given «5(R), we have by the anti-symmetry of 

K„ that 



2(T n ip I ,(f> I ) 



K n (x,t)((f) I (x)ip I (t) - 0/(t)y?/(x)) dxdt 
K^(x,t)((p(x)(p(t) -<j)(t)ip(x))dxdt. 



Since < 2™|x — t^ 1 uniformly in J, there exists for each pair 

(<p,4>) a constant depending only on a finite number of Schwarz 
class seminorms, with the following property: for every e > there is 
an M > 1, independent of (p and <f), such that 



/ 



Kfe,t)(<f>(x)(p(t) -(f)(t)<p(x))dxdt 

{\x-t\>M}U{\x-t\<jj}U{\x+t\>M} 

To see this, simply note that 

(f)(x)<p(t) - <f>(t)<p(x 



t 



eS( 
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is a Schwarz function of two variables. Furthermore, in view of 
have 



we 



(10) 



K^(x,t)((j)(x)f(t) - <j>{t)ip{x)) dx dt 



{±<\x-t\<M}n{\x+t\<M} 

< 



C n C'^F 3 , n Lax (log 2 (§), -log 2 (|/|M), I^Ll^ 



for some constants C n and C ^, depending only on n and a finite 
number of seminorms of <p and <p, respectively. Note in particular that 
\x + t\ < M and \c(I)\ > M\I\ imply that 



\I\(x + t)+2c(I)\ > \c(I)\ 



rdist(J, 



- 1 



M 



Together with the trivial facts that |J||x — t\> \I\/M and \I\\x — t\ < 
\I\M when (x, t) lies in the domain of integration of ffTOl) . and that 
rdist(j,Pi) ^ 2 w h_ en |c(/)| < M|/|, we obtain the desired estimate in 



f rl0|) for an appropriate C n . We conclude that T n satisfies the weak 
compactness condition. For future reference we also record the implied 
bound on the weak boundedness constant of T n present in the above 
considerations. Namely 



|(T„^,0 / )|<2"||A'||g MO ^. 

Finally, we shall show that T„(l) belongs to CMO by evaluating 
it inductively in a principal value sense. The justifications for these 
computations are analogous to those that appear in considerations of 
Cauchy type operators in connection with the classical T(l) theory, see 
for example Christ pQ. 

For x with \x\ < r < R and e > 0, integrate by parts to obtain that 



\t\<R 

t— x\>£ 



1 


G n (x,t) 


t=R .| 


G n (x,t) 


n 


_(x - t) n _ 


t=-R 71 





t=X+£ 



+ 



t=X — £ 



\t\<R (x-t) n v w 2 v 4 V 2 v 4 V 

It— a;|>e 



with the understanding that Gq = 1. Splitting the latter integral into 
three parts according to its summands and making the linear changes 
of variables x — t = 4(x — z) and x — t = |(x — w) in the last two terms 
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we find that 



:n) 



K n (x, t) dt 



t\<R 

\t-x\>£ 

G n _i(x,t) 



1 


~G n (x,t)~ 


t=R | 


~G n (x,t)~ 


t=X+E 


n 


_(x - t) n _ 


t=-R n 


(x - t) n _ 


t=X — £ 



\a<r (x-ty 

\t-x\>e V ' 



-2 



A'(t)dt+?- [ 

y ' 4« J\x- 



G n ^i(x,x - A(x - z)) 



-A(x-z)\<R 
z-x\>e/i 



\x — zy 

G n -i(x,x - Ux - w)) 



A\z) dz 



\x—^(x—w)\<R 



A\w) dw 



(x — w) n 

\w—x\>3e/i 

Since A' 6 CMO it is clear that the first two terms tend to zero, 
uniformly for \x\ < r, as e — > and R — > oo. 

Suppose now that n = 1. Seeing as r is arbitrary, we then find in 
the limit that 



T 1 (l) = H(A')+ 1 -H(A')- 3 -H(A') 



0. 



where H denotes the usual Hilbert transform. Note that the Hilbert 
transform is bounded as a map H : CMO — > CMO. 

At this point we have verified the compactness of T\ on L p , 1 < 
p < oo, and as a map T\ : Lq UO — > CMO. We now proceed with the 
inductive step to prove the same for T n , n > 2. In this case passing to 
the limit in (fTTj) gives 



(12) T n (l) = T n -i(A') + —T n -i(A') - 2 



i ) T n ^(A% 



where T n _i and T n _i are the operators associated to the kernels 

G n _i(x, x — 4(x — z)) 



K n ^{x,z) 
K n -i(x,w) 



(x — z) n 
G n -i(x,x- Ux - w)) 



(x — w) 



These kernels are very similar in character to K n _i, and all computa- 
tions performed up to this point can be repeated with minor modifica- 
tions for them. In particular, K n _\ and K n -\ are compact Calderon- 
Zygmund kernels, T n _i and T n „i satisfy the weak compactness condi- 
tion, Tx(l) = Ti(l) = and for n > 2, both T n (l) and T n (l) are linear 
combinations of T n _i(A'), T n _i(A') and T n _i(A') with coefficients ex- 
ponential in n. 

Using these results and the fact that A' G L°° R CMO, we obtain 
by induction that T n : L p ->■ L p , 1 < p < oo and T n : L^ MO -> CMO 
are compact maps for n > 1. Furthermore, by inspecting the constants 
in the above calculations and appealing to classical T(l) theory PQ, 
we obtain bounds on the corresponding operator norms; there exists a 
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constant C > such that 

IItt i| ^ r^ n \\ \ , \\ n II II ^ r^ n \\ a 1 '\\ n 

\\J-n\\LP-*L-P S t> ||oo, ||-tn||Lg= MO ->CMO S G Halloo- 

We conclude that Tr — i^r : £ P (T) — > L P (T) is compact when ||^4'||oo < 
2/C, hence finishing the proof of Proposition 13.11 □ 



4. Necessity of the hypotheses 

We prove in this section the necessity of the two conditions of The- 
orem 12.191 the weak compactness condition and the membership of 
T(l) and T*(l) in CMO(R). We notice that, in analogy with the clas- 
sical theory, the necessity of the weak compactness condition holds for 
any compact operator on L P (R) whose adjoint also defines a bounded 
operator on LP . Meanwhile, the necessity of the second hypothesis 
will only be shown for operators associated with compact Calderon- 
Zygmund kernels, for which we will be able to give meaning to T(l) 
and T*(l). The sufficiency of both conditions will be proven in the 
forthcoming Sections 5, 6 and 7. 

4.1. Weak compactness condition. We prove first that every linear 
operator compact on L P (R) and bounded on LP (R), 1 < p < oo, 
i + ^7 = 1, satisfies the weak compactness condition. 

Proposition 4.1. Let 1 < p < oo. Let T be a bounded operator on 
L P (R) such that T* also defines a bounded operator on L P {R). Then, 
for every M G N, T satisfies that for all intervals I C R and bump 
functions <fii, (pi L 2 -adapted to I with constant C > and order N, we 
have 

l<T (M < Cp , TC ( 1 + H)-« (l + Q-« (l + i^!&))- 

with a = |l/2 - l/p\ + 1/2. 

Remark 4.2. We have that C P) t < max(||T||p_j. p , ||T*|| p _^p)Cp ; where 
C p is the constant of boundedness on L P (R) of the lagom projection 
operator Pm (which in turn depends on the boundedness constant on 
L P (R) of the square function). 

Corollary 4.3. Let T to be a compact operator on L P (R) such that T* 
is bounded on L P (R) . Then, T satisfies the weak compactness condition. 
Notice that, in this case, we can take 

L{x) = {l + x)~ a S(x) = (1 +x- 1 Y a D{x) = {l + x)- 1 

Proof. We start with the estimate 



I (T(h) , <Pi) I < I ((Pm o T) (4>j) , <pj) | + | ({T - P M ° T) ,^)\ 
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which second term can be quickly bounded by 

llT-P^oTHII^IUMI,, < C||P>T|||I|V*>-V2|/|W-i/2 = C\\PtoT\\ 

The control of the first term requires much more work. If / G T^m+Ii 
by boundedness of T and Pm on L P (R), we can bound it by 

\((P M oT)(((> J ), ( p I )\<C p \\T\\\\Mp\\<Pih < C P C\\T\\ 

This estimate is compatible with the statement since 2~( M+2 ) < |/| < 
2(^+2) and r dist(/,B 2 M+2) < M + 2. 

If / ^ £>m+2, we denote by (ipj)j^v the wavelet basis defining P M . 
Then, the first term can be bounded by 

(13) |(T(0 7 ),P M (^))l< Yl \{T{fa)M\\{viM\ 

Now, by boundedness of T and T*, we bound the first factor in the 
sum by 

|(W/),^>| < min(||T|| \\MpUj\\p>, 11^*11 INIp'IIV>/U 
<Cm^(\\TU\T*\\)min(\I\ 1 '^^ 

/ • ( (\i\\yp-w* f \i\\i/2-i/ P \ 
~ mm (^) '(|jf) J 

/min(|J|, |J|)\|i/2-i/p| 
~ Vmax(|/|, [jj)J 

We denote 9 P = 1 1/2 — l/p\. 

To bound the second factor in the sum in ([TBI we consider the three 
following cases: 1) |/| > 2 M+2 , 2) |/| < 2~( M + 2 ) and 3) 2~( M + 2 ) < |/| < 
2 M + 2 with rdist(J,B 2 M+2) > M + 2. 

1) Since |/| > 2 M > \J\, by the mean zero of tpj we know from 
Lemma 12.81 that 

which leads to the following bound in f)13p 

(M) \(T(<f) I ),p M ((p I )}\ < (^) dp+3/2 a + \irMi)-c(j)\)- N 

Now, since J G T)m implies J C B^ 2 m with 2~ M < \J\ < 2 M , 
we can parametrize these intervals by their size: \J\ = 2~ k 2 M with 
< k < 2M, in such a way that for every fixed k there are M2 k 
intervals. Moreover, for all J G T> M , the value of 1 + |/| _1 |c(7) — c(J)\ 
can be bounded from below to obtain 

1 + \I\~ l \c(I) -c(J)| > 1 + M- 1 rdist(J,B 2 M) 
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a) when rdist(J, M M2 m) > 2, we have / fl M M2 m = and so 
dist(J, B M2 m) > dist(J, B 2 m). This implies 

|c(/) - c(J)\ > \I\/2 + dist(/,B M2 M) 

> |/|/4 + 2 M + dist(/,l 2 M) 

> 1/4(| I\ + 2 M + dist(/,B 2 M)) > l/4diam(/,l 2 A/) 

and so 

1 + \I\~ l \c{I) - c(J)| > 1 + l/4|/| -1 diam(/,B 2 M) 
> 1/4(1+ rdist(/,B 2 M)) 

b) when rdist(7, M M2 m ) < 2 we have 

diam(J, B 2 m) < diam(J, B M2 m) 

= rdist(/,B M2 M)max(|/|,M2 M ) < 2M max(|/|, 2 M ) 
and so, rdist(/,B 2 M) < 2M. With this, 

1 + |/| _1 |c(/) -c(J) \ > 1 > 1/3(1 + M -1 rdist(I,B 2 *)) 

Finally, we also notice that for every fixed k and for every n > 
4 _1 (1 + M _1 rdist(7, B 2 m)) there are less than |4 = 2 _^ M and less than 

2 k M intervals J e V M such that n < 1 + |J| -1 |c(J) - c(J)| < n + 1. 

As a result, we can parametrize and bound the sum in f[T4l) in the 
following way 

kt(0 7 ),p m (^))|< Yl E (htt) (i+i^r 1 !^)-^)!)- 

0<K2M JeD A / 

|J| = 2- fc 2 M 

z oAf - q +3/2 I 71 

^(tFt) £ 2-^/2) min( J^_ ?2 , M) £ 

1 1 0<fc<2M n^^l+Af-irdist^^M)) 

z nM N g +3/2 I Tl 

<(=7t) min(lii,M)(l+M~ 1 rdist(/,B 2 M))-^ £ 2 -^ +1 / 2 ) 

' ' 0<k<2M 

<(|7|) ^(l + M^rdist^B.M))^ 
Then, we finally obtain 

/9 M \ e P +i/2 

(15) |(T(0 7 ),P M (^)>| < [tjt) (l + M- 1 Tdist(I,M 2 M))- N 
2) Since |/| < 2~ M < | J|, we have by Lemma [2781 

\(<pi,i>j)\ < c (^) 1/2 ( i + i j i _1 i c ( / ) - < j )\y N 

which leads to a bound of ( lT3"j) by 

(16) |<t(0/),PmM>|< E (nj) 9p+1/2 ( 1 + l J l^l c W- c ( J )^ N 



20 KARL-MIKAEL PERFEKT, PACO VILLARROYA, AND SANDRA POTT 

As before, we parametrize the intervals J G T>u by their size \J\ = 
2- k 2 M with < k < 2M, all of them satisfying J C B M2 m. We 
work now to bound 1 + | J| _1 |c(J) — c(J)| from above and below. Since 
I ^ Dm+i, we have 

dist(J,B M2 M) < |c(/) - c(J)| < \c(I)\ + \c(J)\ 

< \c(I)\ + M2 M < 2(\I\/2 + \c(I)\ + M2 M - 1 ) < 2diam(J, M M2 m) 

and so, for every k 

2 fe 2- A/ dist(/,B M2 M) < IJI^HI) -c(J)\ < 2 fe+1 2- M diam(J,B M2 M) 

Moreover, since |/| < \J\, for fixed k, the M2 k intervals J G Dm can 
be parametrized in such a way that 1 + | J\~ l \c(I) — c(J)| = j with all 
j pairwise different and such that 

(17) 1 + 2 fc 2~ M dist(7, M M2 m) <j<l + 2 fc Mrdist(7, B M2 m) 

We now separate into two subcases in a similar way as we did before 
but by using the distance instead of the relative distance: dist(J, B A / 2 a/) > 
2|B M2 m| and dist(J, B M2 m) < 2|B M2 m|. In the first instance we have 

diam(/, B 2 Af) < diam(J, M M2 m ) < |/| + dist(J, M M2 m ) + M2 

< 2M2 M + dist(/,B M2 M) < 2dist(7, B M2 m) 
Then, by (1T7), 

j > 1 + 2 /c 2^ M dist(/,B M2 M) > 1 + 2 fc " 1 2~ A/ diam(J,B 2 M) 

> 2 fc " 1 rdist(/,B 2 Af) > 2 fc " 2 (l + rdist(7, B 2 m)) 

Therefore, we parametrize and bound the sum in ffT6]) in the following 

way: 

\{T{4>i),Pm(<£i))\ < E E {^M) (l+|J|- l |c(J)- C (J)|)- 

0<fc<2M j e t> m 

\J\ =2~ k 2 M 

<-(^)°' +1 ' 2 E ^ + " 2 > E 

0<fc<2M j>2 fc - 2 (l+rdist(/,B 2M )) 

^(^) 9P+1/2 E 2-^-^/2)) (1+rdist(/)B2M)rJ v 

0<fc<2M 

< (^j) (l+rdist(J,B 2 M))^ 

= (^) 6p+1/2 2- 2M ^ +1/2 Hl+ rdist(/,B 2 M))^ 

which is better than the stated bound. 

On the other hand, when dist(J, B M2 Af ) < 2|B M2 m|, we have that 

diam(I, B M2 m) < |/| + dist(7,B M2 M) + M2 M 

< 2M2 M + dist(J, B M2 m) < 4M2 M 
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and so |B M2 m| — diam(7, ~B M2 m) < 4|B M2 m|, that is, 1 < rdist(J, ~B M2 m) < 
4. Then, bv (TTTjl . we have 1 < j < 1 + 2 k+2 M. Moreover, 

rdist(7,B 2 M) = |B 2 A f |- 1 diam(/,B 2 M) 

< M|B M2 M|~ 1 diam(/,B M2 A/) < AM 

and so, 1 + M' 1 rdist(7, B 2 m) < 5. 

Thereby, we can now bound the sum in (1161) in the following way: 

|{%)>4N)I< £ E (^Mj^V+l^r^W-^J)!)- 

0<fc<2M j e v M 

\J\ =2~ k 2 M 



-N 



i/2. £ r" 



0<fc<2M l<j<l+2 fc + 2 M 

< ^My p+1/2 ^ ^+1/2) < ^My P+1/2 2 2W(^+l/2) 
0<fc<2M 

< (JJL) (l + M^rdist^B^))^ 
In both subcases we obtain 

/ 1 71 \9 P +l/2 

(18) {(T^Pm^j))] < (^LLj (l + M- 1 rdist(7,B 2 „))- iV 

3) To deal with case 2^ M+2 ) < |7| < 2 M+2 and rdist(7, B 2 m +2 ) > 
M + 2, we will mix the techniques of the two previous cases: for those 
J G T>m such that |J| < |7| we will reason as we did to deduce (fTBT) . 
while for those J G T>u such that | J| > |7| we will reason in a similar 
way as we did to obtain ( TT8"|) . 

In the subcase |7| > \J\, we first prove the bound 

(19) 1 + |I| _1 |c(i") - c(J)\ > 1 + rdist(7,B 2 M) 

We start by checking that rdist(7, B 2 m+2) > M + 2 implies that 
I n B M2 m = 0. Since 

|7| + dist(7,B 2 M+ 2 ) + 2 A/+2 > diam(7, B 2 a/+ 2 ) 

= rdist(7,B 2 M +2 )2 M+2 > (M + 2)2 M+2 
and |7| < 2 A/+2 , we have dist(7, B 2 m+ 2 ) > M2 M+2 . Therefore, we have 

I PI Bj;/ 2 A/+ 2 = 0. 

This, together with J C M M2 m, implies 
\c(I) - c(J)| > dist(7,B M2 M) > dist(7,B 2 A/) - dist(B 2 M,B^ 2M ) 
that is, 

(20) |c(7) - c(J)| > dist(7,B 2A /) - 2 M (A7 - 1) 
Moreover, since dist(7, B 2 Af+ 2 ) < dist(7, B 2 a/), we have 

(M + 2)2 M+2 < diam(7,B 2 A f+2 ) 
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< |/| + dist(/,B 2 M +2 ) + 2 M+2 < dist(7,B 2A f) + 2 M+3 

and so, 

(21) M2 M < l/4dist(/,B 2 M) 

With this and fl20D, we get 

\c(I) - c(J)| > 3/4dist(/,B 2 A/) 

Furthermore, since (ED implies |/| < 2 M+2 < M^ 1 dist(J, B 2 m), we 
also have 

diam(/,B 2 M) < dist(/,B 2 M) + |/| + 2 M 
< (1 + 2M~ 1 )dist(/,B 2 A/) < 3dist(/,B 2 M) 

which implies 

|c(I) - c(J)| > l/4diam(/,B 2 M) 

Finally then, 

1 + \I\~ l \c(I) - c(J)| > 1/4(1 + \I\- l diam(I,M 2M )) 

> 1/4(1 + max(|J|,2 M )" 1 diam(J,B 2 Af)) = 1/4(1+ rdist(J, B 2 m)) 
as we wanted. 

Now, similar as before, we notice that for every fixed k and for every 
n > 4 _1 (1 + rdist(J, B 2 m)) there are at most |/|/|J| = intervals 
J e V M such that n < 1 + |/| _1 |c(J) - c(J)| < n+ 1. With this, the 
part under consideration of the sum in (fT4"j) can be parametrized and 
estimated in the following way: 

E E (^r /2 (iH-i/r>w/)-^)i)- 

0<k<2M J&V M 11 

|J| = 2- k 2 M < \I\ 

<( ^_Y" +3/2 y> 2 -fc(e K+ 3/2) LU V /;-- v 



1/1 / / ' 2~ k 2 M 

max(0,Af+log|/|- 1 )<fc<2M n> i (1+ rdist(J,B 2M )) 

< (^|) ep+V2 Yl 2- fe ^ +1 /2) (1 + rdistC/,!^))-^ 

' ' max(0,Af+log \I\- r )<k 

< (|7|) (1+ rdist(/,B 2 M))^min((l I i) ,1) 

<(l+rdist(J,B 2J *))-" 

For the second subcase, \I\ < \ J\ < 2 M , we parametrize and bound 
the relevant subsum of (fT6j) as 

E E (^r'V + M-vm-wi)-" 

0<fe<2Af J e v M 

\J\ = 2~ k 2 M > \I\ 



n 
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(22) 

= (§if +1/2 E E &^\i+\j\-Mi)-<m-* 



a<k<2M j e v M 

\J\ = 2' k 2 M > |/| 



We now decompose the sums in the same way we did before: 

^2 2 fc( ^ +i/2) ( ^2 r N + E 

0<fc<min(2Af,M+log j>2 fc - 2 (l+rdist(i",B 2M )) l<j<l+2 k + 2 M 



< J2 2 k{e v +1 'V (2-^(1+ rdist(/,B 2 M))- Ar +(l+M- 1 rdist(/,B 2 M)) 

0<fc<Af+log I/]- 1 

<( Yl 2- k< ^ N -^ +1 ^+ Yl 2 fc ^ +1 / 2 ))(l+M- 1 rdist(/,B 2 M))- Ar 

O^fc^M+logl/l- 1 0<fc<A/+log l/l- 1 

< (1 + (-) )(1 + M^rdistC/,!^))" 



A^ 



-A' 



/? M \ d p +l/2 

(23) <(^|J (l + M^rdist^B^))^ 

since |/| < 2 A/ . Notice here that the splitting of the sum into two parts 
is merely a notational device to express the division into two further 
sub-subcases along the lines of the subcases considered in 2): |/| < 
2~(A/+2) j n p ar ticular, note that in the considerations from which the 
sum J2i<j<i+2 k + 2 M ar i ses ) we showed that rdist(7, B 2 m)/M < 1 
and therefore, 

E 3~ N ^ 1 ^ (1 + M" 1 rdist(J,B 2 M))- Ar 

l<j<l+2 k + 2 M 

Then, with f)23p . we can bound (T2"2"j) by 

/ I T\ \ Sp+i/2 /9 M \ e v +i/2 

(^) (l + M-^V****))-" 

= (1 + M" 1 rdist(/,B 2 M))" iV 
Putting everything together, we get in the third case that 

(24) |(T(0 7 ),P M (^))| < (1 + M- 1 rdist(/,B 2 M))- 7V 

Finally, with (H5J, (THJ), Q2U) and using min(a, 6) « l/(a _1 + 6 _1 ), 
we have 

(25) |(T(0 7 ),P M (^))| 

< min(l, (^|))^ +1/2 min(l, (^L))^ +1/2 (l + M" 1 rdist(J, B 2 m))^ 
< + 1 + ^ (l + M^rdist^B^))^ 



2 M ) 

finishing the proof. 
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□ 

4.2. Interlude on compact Calderon-Zygmund kernels. Before 
proving the necessity of the second hypothesis, we will devote some 
time to justify the assumption of some extra properties of the compact 
Calderon-Zygmund kernels and the admissible functions appearing in 
their definition. 

We will start by assuming that the admissible functions satisfy that L 
and D are monotone non-increasing while S is monotone non-decreasing. 
This is possible because if L, S and D are admissible and as in Defini- 
tion \'2.3\ then the functions 

Li(x) = sup L(y) Si(x) = sup S(y) -Di(x) = sup D(y) 

y£[x,oo) y£[0,x] y£[x,oo) 



are admissible, give bounds for the kernel as in Definition 12 . 31 and satisfy 
the monotonicity requirements. 

More importantly, in all forthcoming proofs, we will not be using 
the smoothness hypothesis of the kernel as it is stated in Definition 
12.31 Instead, we will adopt the following alternative formulation: 

Definition 4.4. Let A be the diagonal ofM 2 . A function K : (IR 2 \ 
A) — > C is a compact Calderon-Zygmund kernel if lim K(x, t) = 

\x— 1\— >oo 

and there exists a < 5' < 1 and admissible functions L\,S\, D\ such 
that 

(26) \K(x,t)-K(x',t')\<C 



(\x- 


x'\ 


+ 


\t-AY 




x ■ 


- 1\ 


1+5' 





x + t\ 




1+1 


x - 


- 1\ 



whenever 2(\x — x'\ + \t — t'\) < \x — t\ . 

We claim that the condition in Definition 12.31 implies this new con- 
dition fT2"6"l) . with any 5' < 5. To see this, pick < e < 5, let 5' = 5 — e, 
and 



F(x,t,x',t') = l ^L(\x-t\)S(\x-t\)D(\x + t\), 

\x — t\ e 

defined for tuples (x,t,x',t') such that 2(\x — x'\ + \t — t'\) < \x — t\. 
Then, by Definition 12. 3[ 

\K(x, t) - K(x', 1 < C {lx ~? l+ ^~* l)S F(x, t, x', 



with F bounded and such that lhn| a; _ t |_ KX 3 F = 0. 

We prove now that also lim| 9; _. iC /| + | t _. f /|_ > .o F = 0. Suppose there exists 
a sequence (x^, t n ^ •Efi'i ^n) such that 2(|x^ *^nl ^nl) ^ 

and lim^oo \x n - x' n \ + \t n - t' n \ = 0, but inf n F(x n , t n , x' n , t' n ) > 0. 
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If there would exist a constant C > such that 

\x n x n | -\- \t n t n \ ^ C|x n t n \ 

then, by monotonicity of S, we would have 

S(\x n - t n \) < SiC^dxn - X n i\ + \t n - t n i\)) 

The upper bound tends to zero and so, also F(x n , t n , x n >,t n ) would tend 
to zero, giving a contradiction. 
Hence 

lim- l - ^ = 0. 





X n\ 


+ 


t - t' 1 




Xn 







n 

This immediately gives lim n F(x n , t n , x' n , t' n ) = 0, also a contradiction. 
It is also clear that lim \ x+t \ >oc F = 0, in view of the inequality 

\x+t\ 
l+|a;-t| 

Finally, we define for y > 0, 



< \x + 1\ and the monotonicity of D. 



L^y) = sup F(x,t,x',t , y . 



\x-t\>y 

S 1 (y)= sup F(x,t,x',t') 1/3 , 

\x-x'\ + \t-t'\<y 

D x {y)= sup F(x,t,x',t') 1/3 , 

This way, L±, Si and D\ constitute a set of admissible functions and 
the corresponding smoothness condition holds since 



Liflx- t|)5'i(|a;-z / | + |f- t'|)£>i(l + - ^ _ ^ ) > F(x,t,x',t') 

Therefore, from now on we will assume that a compact Calderon- 
Zygmund kernel is associated with a 5' (which we will denote simply 5) 
and admissible, monotone functions L\, Si and D\ (denoted L, S and 
D) satisfying the inequality f[26]) . 

One reason for this change of notation is that, since 

\x\ < \x\ + \t\ ~ \x — 1\ + \x + 1\ < 1 + \x — 1\ + \x + t\ 

we have 

1 + : P — rr <2(1 + 









1 + 


a; 







2C + t| 




1 + 1 


a; — 







x\ 




1 + 


\x 


-t\ 



and by the monotonicity of D\ 

This fact will be crucially used in our proofs. 

Finally, we notice that, under the condition 2(\x — x'\ + \t — < 
\x — 1\, 

i + ' T 1 ,,' " u «i + 



min( \x + 1\ 




x' 


+t'\) 


1 + 1 


x - 


-t\ 







x + £ 




1 + 1 


x - 


t\ 
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4.3. Necessity of T(l) G CMO. Now, in order to prove that the 
second condition is necessary, we first need to give a rigorous definition 
of T(l). Actually, Lemma 14.51 will allow us to define T(b) for every 
bounded smooth function b, as a functional in the dual of the space of 
smooth functions with compact support and mean zero. 

Once this is done, the hypothesis that T(l) G BMO(M) means that 
the inequality 

\(T(l)J)\<C\\f\\ H i m 

holds for a dense subspace of H 1 (M). In particular, we will verify 
the estimate for all smooth functions / with compact support and 
mean zero, which are dense in H 1 (M). Furthermore, the hypothesis 
T(l) G CMO(M) means that 

lim \(Pi(T(l)) i f)\ = 

holds uniformly in a dense subset of the unit ball of The ne- 

cessity of T(l) G CMO when T is a compact operator will be proven 
in Proposition 14.81 

For all a G R and A > 0, p > 0, we define the translation operator as 
7~ a (f)(x) = f{x — a) and the dilation operators as V\(f)(x) = f(x/X) 
and V({f){x) = X~ l / p f{x/X). Let also $ G S(R) be a smooth cut-off 
function such that 3>(x) = 1 for \x\ < 1, < < 1 for 1 < |se| < 2 
and = for \x\ > 2. 

In order to give meaning to T(l) (and also to T*(l)), we use the 
following technical lemma: 

Lemma 4.5. Let T be a linear operator associated with a compact 
C alder on- Zygmund kernel K with parameter 5 > (as in Section \%Jty . 
Let I C K be an interval and let f G «S(R) have compact support in I 
and mean zero. Then, the limit 

£(/)= lim (T(TaV 2m $),f) 

exists and it is independent of the translation parameter oGK and the 
cut-off function $. 

Moreover, for all k G N such that 2 k > 1 + |/| _1 |a — c(J)| ; we /lave 
the error bound 

\C(f) - (T(T a V 2k]Il $), f)\ < C2- Sk (l + |lHa - c(/)|) 5 

oo 

^ 2-«'L JC (2 fc ' +fc |/|)5 jr (2 fc ' +fc |/|)D J ,(l + (l + 2 fe ' +fc |/|)- 1 |a|)||/|| Ll(M) 

fe'=0 

where the constant C depends only on $ and T. 

Remark 4.6. Notice that when \a\ > \c(I)\ we have the bound 

oo 

\C(f) - (T(T a V 2k]I] $),f)\ < C2- k5 Y,2- 5k 'FK(2 k ' +k I)\\f\\ LHR) 

k'=0 
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This is due to the fact that when \a\ > |c(/)| we have 
1 + (1 + 2 J |/|r 1 H > 1 + (1 + 2 j \I\)- l \c{I)\ 

> (1 + 2 j \I\)- 1 (l + 2 j \I\ + |c(/)|) > l/2max(2 j |/|,l) _1 diam(2' J /Ul) 

= l/2rdist(2 J /,l) 
and, since D is non-increasing 

L(2 j \I\)S(2 j \I\)D(l + (1 + 2 J '|/|)"Vl) 

< L(2^|)S(2 fc |/|)D(rdist(2^/,l)) = F K (2U) 

Notice that, by Lebesgue's Dominated Convergence Theorem, the 
function 

oo 

F(2 k I) = ^2- 5k ' F K (2 k ' +k I) 

k'=0 

has the same limit behavior as F, that is, 

lim F(2 k I) = 

M -> oo 

2 k i e v- M 

and we can furthermore assume analogous monotonicity properties. 
Then, with some abuse of notation to maintain its symmetry, we will 
denote F(2 k I) again by F(2 k I). 

With this convention the inequality we will frequently use in later 
proofs is written as 

(27) \£{f) - (T(T a V 2klIl $),f)\ < C2- kS F K (2 k I)\\f\\ Ll{R) 

Proof. For the proof, we will drop the subindex K in the notation of 
F and the admissible functions. 

For k e Nwith2 fc > l+l/h 1 ! a—c(I)\) , we introduce the smooth cut- 
off # fc = T a D 2k +2 ]I] $ - T a D 2 k+i lIl <5>. We aim to estimate \{T(V k ), f)\. 

In view of the supports of and /, we may restrict ourselves to 
t and x satisfying 2 fc+1 |/| < \t - a\ < 2 fc+3 |/| and \x - c(I)\ < \I\/2. 
Then, 

\x-a\<\x- c(I)\ + \c(I) -a\< \I\/2 + \c(I) - a\ 

< |/|(1 + l/r 1 !^/) - a\) < \I\2 k < 2~ 1 |t - a\ 

Therefore, the supports of and / are disjoint and so, we can use 
the kernel representation 

(T(* fc ),/> = J* k (t)f(x)K(x,t)dtdx 

= J ' V k (t)f(x)(K(x,t) - K(a,t))dtdx 
where the second equality is due to the zero mean of /. 



28 KARL-MIKAEL PERFEKT, PACO VILLARROYA, AND SANDRA POTT 



Since 2\x — a\ < \t — a\, we can use the definition of a compact 
Calderon-Zygmund kernel to obtain 

\(T(* k )j)\< J iMmmi ^ls 

L(\t - a\)S(\x - a\)D{l + (1 + \t - a|) _1 |a|) dtdx 
Notice that we are using the conventions of Section I4.2L 

As we have seen, we may restrict the domain of integration to \x — 
c(I)\ < \I\/2 and 2 fc+1 |/| < \t — a\ < 2 fc+3 |/|. Moreover, as we saw, 
\x — a\ < \I\ + \a — c(I)\. Then, by the monotonicity properties of L, 
S and D, we have 

|(T(* fc ),/)| < CL(2 k+3 \I\)S(2 k+1 \I\)D(l + (l + 2 k+3 \I\)- 1 \a\) 

ljr/ , l |J| 5 (l + |/|- 1 |a-cmi) <5 , , 
/ *) I ' ' 1 oJ-uL LJ" dtdx 



'\x-c(I)\<\I\/2 J\t-a\<2 k +3\I\ * v '\ l 

< C2- k5 (l + \I\- 1 \a-c(I)\) i 

L(2 k \I\)S(2 k \I\)D(l + (1 + 2 fc |/|)~ 1 |« 

Notice that we have used that 1 + (1 + 2 fc+3 |/|)- 1 |a| > 2" 3 (1 + (1 + 
2 fc |/|) _1 |a|) and Remark 12.21 to hide all constants in the argument of 
admissible functions. 
Now, the trivial bound 

\{T{* k ), f)\ < C2- kS (l + \ina - c(/)|) a ||/|| il(K) 

proves that the sequence ((T(J~ a D 2 k^^), f))k>o is Cauchy and thus, 
the existence of the limit, which we will momentarily denote by £ a (f). 

Finally, the explicit rate of convergence stated in the lemma follows 
by summing a geometric series. For every k EN, 

oo 

\£ a (f)-(T{TaV» m *),f)\ < lim \£4f)-(T(T a V 2m]I] $),f)\+y2\(T(*k')J)\ 

k'=k 

oo 

< £ 2- k ' s L(2 k '\I\)S(2 k '\I\)D(l + (1 + 2^'i/|)- 1 |«i)H/IUHK) 

k'=k 

as stated. 

We show now that £ a is actually independent of the translation 
parameter and the cut-off function selected. Let a, b E K. Let ipk,a,b = 
%D 2 k\n<& — TbD 2 k\i\<&. Then, for k large enough so that \a — b\ < 2 k \I\ 
we have that the support of ipk,a,b is contained in (2 fc_1 + l)|/| < \t— (a+ 
b)/2\ < (2 fc+1 + 1/2) |/|. Therefore, we can repeat previous reasoning 
to show that also | (T(^, a , 6 ), /) | < 2^||/|| L i (R) . 

This way, 

\£a(f) ~ £ b (f)\ < \£a(f) ~ (T(T a V 2klIl <f>),f)\ 

+\(T{T a V 2m <f>),f) - (T(%V 2k]I] <f>),f)\ + \£ b (f) - (T(T b V» w a>),f)\ 
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Moreover, a similar argument works to prove that C is also indepen- 
dent of the chosen cut-off function $. This is because if we take two 
such smooth cut-off functions $ and <E>, then T a D 2 k\i\<& — T a D 2 k\n^ has 
support included in 2 k \I\ < \t — a\ < 2 k+1 \I\. 

We prove now the necessity of the second condition. We start with 
a technical lemma whose short proof can be found in [13], yet, for the 
sake of completeness, we include here a more detailed version. 

Lemma 4.7. Let I be some interval and f be an integrable function 
supported in I with mean zero. For each dyadic interval J let <pj be a 
bump function adapted to J with constant C > and order N. 
Then, for all dyadic intervals J such that \I\ < \ J\, we have 



Proof. We first assume that \c(I) — c(J)\ > 2\J\. Let c be the midpoint 
between c(I) andc(J). Then, since \c— c(/)| = 2~ 1 \c(I)—c(J)\ > \I\ we 
have that c £ I. By symmetry we may assume that supp / C (—00, c). 

Let D denote the operator of differentiation and D _1 the antideriv- 
ative operator 



Since for all < n < N — 1, 

\(D(j)j)^(x)\ = \(f) { j +1 \x)\ < C\I\- {1/2+n+1 \l + \I\~ x \x - c(J)|)- 



we have that | J\D(pj is a bump function adapted to J with the same 
constant as <f>j. Moreover, notice that due to the zero mean of /, the 
support of -D -1 / is also included in the support of /. 
Then, by partial integration, we have 



< 1^1 1 {\\ D 1 f\\LH-oo,c)\\\J\D(t)j\\L^{-oo,c) + \\D V|U-( C ,oo)|||^|£0j||l1(c,oc)) 



<3.2- fe5 imi L1(R) 





\(f,<f>j)\ = \J\- 1 \(D- 1 f,\J\D(f>j)\ 




Now, from \\D 



/IUi(R) < |i"|||/IUi(R) we obtain 
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Proposition 4.8. Let T be a linear operator associated with a compact 
Calderon-Zygmund kernel. IfT can be extended to a compact operator 
on L p (R) for 1 < p < oo, then T(1),T*(1) G CMO(R). 

Proof. We will only show the result for T(l), the argument for T*(l) 
being analogous. 

We start by proving membership in BMO(IR). To do so, we prove 
that the functional C defined in Lemma 14.51 is a bounded linear func- 
tional on i/ 1 (IR). Since linearity is trivial, we prove its continuity on 
if 1 (]R). By standard arguments, it is enough to prove the result for 
p'-atoms. Moreover, due to density, we can also assume the atoms to 
be smooth. Then, let / be a smooth atom in if 1 (IR) supported in an 
interval I with ||/|| L p'(k) ^ |J| -1 ' P and mean zero. 

For all k e N, let = T c ( K i)V 2 k+i\i\<& — T c (i)T> 2 k\ I \§ De as m the proof 
of Lemma 14.51 This way, for any fceNwe have 

fe-i 

\m\ < \(T{% {I) V\^)J)\ + J2 \(T{*v),f)\ 

k'=0 

+\L(f)-(T(r c{I) V 2klI ^),f)\ 
By using boundedness of T on L P (M) we can bound the first term by 

ll r llll%(/)- D |/| $ IUp(K)||/|li / p'( R ) < C|^| 1/p II/ILp'(ir) < c 

From the proof of Lemma 14.51 rather than from the result itself, the 
second term can be bounded by 

fc-i fe-i 

E C2- k ' s F K (2 k 'l)\\f\\ LHR) <CJ2 2- w |/| 1/p II/IIxp'(r) < C 

k'=0 k'=0 

where 5 is the parameter of the compact Calderon-Zygmund kernel. 
Applying the result of Lemma 14.51 we bound the last term by 

C2- k5 F K (2 k I)\\f\\ LHR) <C 

With the three estimates, we obtain for every atom / the bound 

W)\<c 

which proves, as claimed, that L defines a bounded linear functional on 
iJ 1 (]R). Hence, by the if 1 -BMO duality, the functional L is represented 
by a BMO(R) function which we will denote by T(l), that is, C(f) = 
(T(l),f). 

In order to prove membership in CMO(R), we need to show that 
there is a lagom projection operator Pm such that 

lim (P A L / (T(l)),/) = 

M->oo 

uniformly for all / € «S(R) in the ball of if 1 (IR) with mean zero and 
support in a dyadic interval /. For this, we consider the projection 
operator P M constructed with a wavelet basis (ipj)jev of if^R) such 
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that every function ipj is smooth, L 2 -adapted and compactly supported 
in J. Since 

Pu{/)= 52 (mmj = E \j\ 1,2 {fM\j\' 1,2 ^j 

JeT> u Jev M 

is defined by a finite linear combination of 1-atoms \J\^ l ^ 2 i^j , we have 
that P M {f) G H\R). Moreover, from the equality / = P M (f)+ P M(f), 
we also deduce that Pm{J) G H l (R). 

Now, we can prove the desired convergence. For every < e, we take 
k G N so that 2~ kS < e. Then, due to compactness of T, we can take 
M > (depending on T, 5, p, e and I) so that \\P^ o T\\2 k/p < e and 
2 M > \I\ > 2- M , I C B 2 m. 

We first notice that, by the previous discussion of C and the fact 
that P^ is self-adjoint in the Impairing, we have 



(Pb{T{l)),f) = <r(i), /£(/)) = £(/£(/)) 

The second and last expressions are meaningful because we already 
know that T(l) G BMO(R) and P^if) G # X (R). However, since 
Pjtf(f) lacks compact support, we need to do some extra work. 

By the comments after Definition 12.131 of a lagom projection opera- 
tor, we can write 

in a Schauder basis sense. Then, by linearity and continuity of C on 
H l (R), we have 



Jev- M 



Since / and ipj have compact support, the non-null terms in the sum 
arise from those intervals J satisfying JC\I ^ 0, that is, either J C / or 
I C J. For every J G T> C M we have the following cases: if | J\ > 2 M then 
/ C J; if \J\ < 2~ M then J C I. Those J such that rdist(7,B 2M ) > M 
do not appear in the sum. Therefore, 

£{PmU))= E (fMWj) + E (fMWj) 

J c / / c J 



(28) =£(//)+ E (/.^J>^J 



I c J 



where // = Vi(P^(f)), Vj denoting the classical projection operator. 
We notice that // G if 1 (R) with support in / and, due to boundedness 
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of the projections, \\fj\\ Hl < ||/||^ = 1 and < \\f\\ LP > < 

For the first term we proceed as we have done before: 

£(fi) = ((p^or)(r c( z)P 2fcm $),//)+(>c(A)-(T(r C (i)P 2fcm $),p^(//))) 

Since Pm(Ji) = fi, the second term in the sum can be dealt with by 
Lemma 14.51 

<C2- kS \\f I \\ L , {m <C2- kS <e 
Meanwhile, the first term can be bounded by 

\\ P M ° ^llp^pll'^(/) :P 2fe|/| < ^||p||//||p' 

< \\Pjjj o T\\2 k/p \I\ 1/p \I\- 1/p = \\P^ o T\\2 k/p < e 



Now, we bound the second term in (J28J) by a reiteration of a previous 
argument. We first parametrize those intervals J such that / C J by 
their size, \Jj\ = 2 J |/| with j > 0. Then we write this second term as 

j>0 j>0 
j>0 

Since Jj G V C M) we have ipj. = Pm^Jj) an d so, we can rewrite the 
second term in previous expression as 

Y^iJ.CjiCW, ) - (T(T c( i)P 2 ^ m <&),^}) 



Then, by Lemma 14.51 we can bound its modulus by 

^K/,^)||>c(^)-(T(r C (x)P 2 ^ m $),^)l 

J>0 

< 2- w ||/||i E \J J \- 1/2 2- j5 \J j \ 1 / 2 < 2- kS < t 
Meanwhile, we bound the modulus of the first term by 

E K/.^lll^oriiii^^i^iipii^ll^ 

< \\Pm° t \\ E ia^)i2 (fc+j)/p i^r /p i^r 1/2+w 

= \\Pl I oT\\2 k ^Y,\(f>^)\ 2j/ W /2 



A CHARACTERIZATION OF COMPACTNESS FOR SINGULAR INTEGRALS 33 



Now, we use Lemma 14.71 to bound last expression by 

||P A ^oT||2 fc /^L7||/|| 1 -^L2^|J J |V2 



CWPh oTW*l*\\f\\iY, WT\ 23lP = C W P m ° T\\2 k/P \\f\\i £ 2i(T~T 

j>0 1 1 j>0 
<C||P A ioT||2 fc / p <L7 e 



5. The operator acting on bump functions 

In this section we study the action of T over bump functions. In 
particular, we seek good estimates of the dual pair (T(i()i), in terms 
of the space and frequency localization of the bump functions if>i,if)j. 

Before starting, we will state and prove five lemmata about local- 
ization properties of bump functions. These results will be frequently 
used in Proposition 15.71 the main result of this section. Lemma 15.11 
will be used to change the interval where a bump function is adapted 
with appropriate control of its constant. Remark 15.31 and Lemma [5.41 
will be used when we apply the weak compactness condition away from 
the essential support of the bump functions, while Lemma 15.61 will be 
mostly used when we apply the cancellation condition T(l) = and the 
weak compactness condition close to the essential support of the bump 
functions. Finally, Lemma [531 will be used to obtain extra cancellation 
conditions for the argument functions. 

As before we will use a smooth cut-off function $ £ S(M) such that 
<&(sc) = 1 for \x\ < 1, < $(a;) < 1 for 1 < \x\ < 2, and = for 
|x| > 2. Then, <&j = T c {i)T>\i\^ will denote an L°°-normalized function 
adapted to I such that $/ = 1 in 21 and $/ = in (4/) c . We also 
recall that for all A > 0, A J denotes the interval with the same center 
as J and length A|J|. 

Lemma 5.1. Let ip be a bump function adapted to I with constant C 
and order N. Let ip in = if) ■ for an interval J with \ J\ = |/|. Then, 
ipin is adapted to I with constant C(l + A -1 )^ and order N. 

Proof. For all < n < N, 

\4:\x)\<j2{l)\^ k \^j- k) ^)\ 

k=0 

n 

^ Z) ( k )^l^r (1/2+fc Hl+I^I~ 1 l^-cU)|)- Ar |A/|-^- fe >(l+|A7|- 1 Irr-c(J r )|)- 

n 

< C\I\-^ 2+n \l + lll^lx - c(I)\)- N ]T ( I ) A">- fc ) 

fc=0 

< C(l + A~ 1 ) JV |/|~ (1/2+n) (l + \I\- l \x - c(I)\)- N 



-N 



k=0 
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which proves the statement. 

Lemma 5.2. Let I, J be two intervals such that \J\ < Let N e N, 
< < l, R > 1 and A > R~\\ + | J\~ l \c{I) - c(J)\) e . 

Let (ft j be an L 2 -normalized bump function adapted to J with constant 
C and order N . 

Then, <j)j(l — $aj) is an L 2 -normalized bump function adapted to I 
with constant 

C2 eN/2 R N/2(V\y {1,2+em \-N/2 

and order [ON/ 4] . 

Remark 5.3. We will apply this result with A = 1 / 32 ( | J| -1 diam(7 U 

J)) 6 ' , for which the lemma says that 4>j(l — $aj) is an L 2 -normalized 
bump function adapted to I with constant 

C2 eiV / 2 2 5JV (B) eJV/4 " 1/2 rdist(7,J)- eiV / 2 

and order ON /A. We notice that, when applied, the constant will depend 
on N which, in turn, will be fixed. 

Proof. We study first the decay of <f>j(x)(l — $\j)(x). Accounting for 
the support of 1 — $aj we only need to consider those values x such 
that \x — c(J)| > A|J|. We then have 

1 + \I\~ x \x - c(I)\ < {Jl'^x - c(J)\ + 1 + IJI'M 1 ) - C ( J )\ 

< R\J\~ l \x - c(J)| + (R\) 1/e < 2(R\J\- 1 \x - c(J)\) l ' e 

where the last inequality holds because R\ J| _1 |:r — c(J)| > R\ > 1 and 
< 1. Then, 

1 + lll'^x - c(I)\ < 2 + l/]- 1 ^ - c(/)| 
<l + 2-R 1 / d (\J\- 1 \x-c(J)\) 1 / e 
< 2 • R l /\(l + (| Jl'^x - c{J)\f/ 6 ) < 2 • ^(1 + \J\- X \x - c(J)|) 1/e 
With this and the inequality \x — c(J)| > A| J\ , we obtain 

- < c\j\-^ 2 TTT^r^TypK 1 " *")(*)! 
< r(W.Y 1/2 \-mT\-w 2m/2RN/2 

- 11 (i + m-^x - c(i)\y N / 2 

This demonstrates the desired decay. 

We use a similar argument to deal with the derivatives. We first 
notice that, since $/ is L°° -adapted to /, we have |<J>^(a;)| < C\I\~ k . 
Then, as before, we have for all < k < n < [ON /A], 

\<pf(x)(l-$ XJ )( n - k \x)\ 
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=c ' j '- (1 ^ \i + iji-iiLc ( j)|)^ " (w "^^ 

<rfB)^ 1/2+ " ) |J|-(W^ 1 A -(n- fc ) 

/|JK-(V^) W2 (1/2+n) 1 2^R^ 
~ \\I\J 11 (l + X) N ^(l + \I\- 1 \x-c(I)\) eN /^ 

Therefore, for all < n < [ON/ A], 



< 



K0,(i - ^j)t\x)\ = i £ ( Z )4 fe) W(i - ^) (n - fc) (^)i 

fc=0 

^96^/4 r>N/4 x -N/2 ( \A\ "( 1 / 2+n ) I r ,-(l/2+n) 1 

11 (1 + |/|-1|X-C(/)|)^/ 4 



1 V ( 71 \\'{n-k) 

(1 + A)^/ 4 ) 

< C 2 eN / 2 R N / 2 X~ N / 2 [ ^ -C 1 / 2 +"-) |^|_(i/ 2+ r 



-n) 



fc=0 

1 

(1 + lll^lx - c(I)\) eN / 4 
as wanted. We notice that in the last inequality we have used that 
A > R^ 1 implies 



1 n 1 

± ST f n \ \~(n-k) _ 1 ( 1 , x -iy 



(1 + \) N / 4 \ k J (1 + A)^/ 4 

-A" n (A + l) n < i? e7V/4 < R N/4 



k=0 

1 



(l + A)^/ 4 ' 

Lemma 5.4. Let /, J be two intervals such that \J\ < \I\. Let N e N, 
< < 1, i? > 3 and A > i?-^] J|- 1 diam(7 U J)) e . 

Then, \\J\-^ 2 ^ X j is an L 2 -normalized bump function adapted to I 
with constant 

and order [ON /A] . 

Proof. This time we may restrict ourselves to \x — c(J)| < 2A|J|. Then, 

\x - c(I)\ <\x- c(J)| + |c(J) - c(J)| < 2A| J| + |c(J) - c(J)| 
and so, 

1 + \I\- Y \x - c(I)\ < ^2A + 1 + \I\-Ml) ~ c(J)\ 
On the other hand, 

1 + |/| _1 |c(/) - c(J)| < 2|/|- 1 diam(J U J) < 2^{R\) l ' e 
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Then, 

1 + l/rV - c(/)| < |^Ua + 2^-(RX) 1 ' e 



< 3 ^ (jRA )V^ < R ^e\J\ x i/e 

because RX > 1 and < 6 < 1. Therefore, since | <3> ^ (rr) | < \I\~ n , we 
have for all < n < 6N/4 < TV/4, 

lAJi-v^g^i^A-vvr^iAjr 

< i2^^y JV/2 " 1/2 " n A-( 1 /2+n)A JV / 2 |/|- (1/2+n) (l + I'M* " c(/)|)- e7V/4 

< i?2AT ^ 1^1 ^Z 4 - 1 / 2 A (AT-l)/2 1 7 | -(1/2+^) (1 + J^-l^ _ c(/ )|)-^/4 

again because RX > 1. 

Lemma 5.5. Lei J fre an interval and k G N. PFe define 4>j{t) = 

\j\- i /\T c{J) v\ A m){t - <j)) k . 

Then, (pj is adapted to J with constant comparable to 2 3k k\\J\ k and 
order k. 

Proof. We also define h(t) = (t-c(J)) k . Since T c (j)V\j\$ is L°°-adapted 
to J, we have \{T c {j)D\j\^)^\t)\ < ■ Moreover, in the support 
of T c (j)V\j\$> we have that \t — c(J)| < 2\J\ and T c (j)V\j\$> = 1 on 
\t-c(J)\<\J\. 

Then, for all < n < k 

n 

\<P ( j\t)\ < E ( 1 )^r 1/2 l(r C ( J )P k |$)W(0ll^ (n - J ' ) WI 

3=0 

k\ ,. , „, fe _ (n _ :) - ) 



^£0)1^1-^^-^)1 

sg(;)i^vi- IF 3(^i^- ( ' 

n 

< fc!| J| fc | J|-(V2+n) ^ ( n ) = 2 n ife!| J\ k \ J|- (1 



< 2 k k\\ J\ k \ J\-^ 2+n \\ + I J\- l \t - c(J)\)- k 3 k 

Lemma 5.6. Let I, J be two intervals such that c(I) = c(J). Let <pj 
be a bump function adapted to J with constant C > and order TV. 

/max(|7| I J\)\ N + 1 / 2 

Then, <f)j is a bump function adapted to I with constant C ( ' ) 

Vmm(|J|, |J])/ 

and order TV. 
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Proof. When | J\ < \I\, we have for all < n < N, 

\4> { j\x)\ < C\J\- {1/2+n \l + [Jl'^x - c{J)\)- N 



/\T\\ 1/2+n , , 

<c(f±) i/r^^Hi + i/r 1 ! 

V i J\ / 



c(I)\) 



-N 



This shows that <pj is a bump function adapted to / with constant 

jKiV+l/2 

C 1 



J\ 

On the other hand, when |J| < \ J\, we have for all < n < N, 

\$\ x )\ < c\j\-^ +n \i + \j\- i \x - c(j)\y N 



/ \ T\ \ N-(l/2+n) , , 

< cm) Vr (1/2+n) (i + i/rv - <t)\y 



■N 



J\\N-l/2 



proving that <pj is a bump function adapted to / with constant C ^— 

We turn now to the main result of this section. 

Proposition 5.7. Let K be a compact C alder on- Zygmund kernel with 
parameter 5. Let T be a linear operator with associated kernel K satis- 
fying the weak compactness condition and the special cancellation con- 
dition T(l) = 0. 

For every < 9 < min(2 -15 , 5/ (1 + 5)), we choose | < iV < ^nd 
define < 6' = 5 - 9(1 + 5) < 5. 

Then, there exists Cg> > such that for every e > 0, for all intervals 
I, J with \I\ > | J\ and all bump functions <fti, ipj, L 2 -adapted to I and 
J respectively with order N and constant C > and such that ipj has 
mean zero, we have 

iw, )l «i<wfS VW74 - |,UJ|V,W ' 



^diam(7 U J)^ 



(F(/ 1 ,...,/ 6 ;M T , e ) + 

where F is a function as given in the comments after Definition \2.10\ 
but possibly associated with admissible functions satisfying Definitions 
\2.10\ and \4-4\ that are larger than those originally given. Here l\ = I , 
h = J, h = (I U J), h = Ai/ ; h = A 2 / ; h = A 2 J with Ai = 
|/| _1 diam(J U J), A 2 = (| J|~ 1 diam(J U J)) 9 and I, the translate of 
I centered at c(J). Notice that the value M^ e is given by the weak 
compactness property as explained in the remarks after Definition \2.1(A 

Remark 5.8. As usual, for simplicity of notation we will not distin- 
guish between the function F given after Definition \2.10\ and the one 
given by the above proposition. 
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Given two intervals I and J, we will denote K min = J and K max = I 
if \J\ < while K min = I and K max = J otherwise. 

By symmetry of the arguments and using the notation provided in 
Notation 12.91 we also have the following result. 

Corollary 5.9. Let T be a linear operator satisfying all the previously 
required properties and the special cancellation conditions T(l) = and 
T*(l) = 0. 

Let < 9 < 1, N G N and < 5' < 5 be as before. Then there exists 
C$i > such that for every e > 0, all intervals I, J and all mean zero 
bump functions ipj, ipj, L 2 - adapted to I and J respectively with order 
N and constant C > 0, we have 

I (TM, *Pj) I < CVCec(/, J) l i +5 ' rdist(J, J)-^ ...,/„; M T , e )+e) 

Now, h = I, I 2 = J, h = (I U J) , h = \iK max , J 5 = X 2 K max , J 6 = 
\2Kmin with Ai = |K ma:c |" 1 diam(/ U J), X 2 = (|-ft' m i„|~ 1 diam(/ U J)) 
and K max , the translate of K max with the same centre as K min . 

Proof. For every interval K, let $x be the usual smooth function L°°- 
adapted to K such that § K = 1 on 2K, < $ A - < 1 on AK\2K 
and = in (4K) C . We also introduce the notation wk(x) = (1 + 
\K\~ l \x- c(K)\). 

As in the statement, we fix < 9 < min(2 -15 , 5/(2+5)) and § < iV < 
jjTjp ■ Notice that because of the small value of 9 we have — | > 1 
and so, we can find an integer in between. 

Let 4>(t,x) = (pi(t)ipj(x) which, by hypothesis, is adapted to I x J 
with constant C and order iV and has mean zero in the variable x. 
Then, we decompose tp in the following way: 

ip in (t,x) = (ip(t,x) -a(t))®i_ X2 j(x) 

where A 2 = (| J| _1 diam(/U J)) e and a(t) is chosen so that ip in , and also 
ipout, have mean zero in the x variable. 
We split again 

in, out 1pin,in 
1p in ,in{t,x) = 1p in {t,x)$ Xl j(t) 

with / the translate of / centered at c(J) and Ai = |/|^ 1 diam(J U J). 

We first explain why ipi n ,i n is also adapted to / x J with constant 
comparable to C. We know that is the sum of two bump functions. 
By Lemma 15.11 applied to the variable x we deduce that the first func- 
tion is adapted to / x J with constant C2 N . By inequalities ( |30|) and 
( 13T|) below, we deduce that the second term is also adapted to / x J 
with constant C . This shows that ipi n is adapted to / x J with con- 
stant C2 N . Moreover, applying Lemma \5. II in the variable t, we finally 
have that ipin,in is adapted to / x J with constant C2 2N . Since iV is 
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fixed, from now being we will not keep a track of the dependence of 
the constants with respect N. 

Notice that all functions previously defined are sums of at most two 
functions of tensor product type and have mean zero in the variable x. 
For any tensor product of bump functions, ip = ipi <S> ip2 , we will denote 

A(V0 = Wi),V> 2 >. 

Then, we plan to bound A(ip out ) by the weak compactness condition 
and the decay of the bump function; A(/0j nj j n ) by the weak compact- 
ness condition plus the special cancellation condition T(l) = 0; and 
A(-0j n cmt ) by the integral representation and the smoothness property 
of a compact Calderon-Zygmund kernel. 

a) We start with 

(29) Vw(t,x) = rl>(fi,x)(l - ®J- 2 x 2 j(x)) +a(t)$i. X2 j(x) 

and we work to prove that each term is a bump function L 2 -adapted 
to I x I with some gain in the constant. 

For the first term, since ip is adapted to I x J, by Remark I5.3[ we 
have that ip(t,x)(l — &j_\ 2 j(x)) is adapted to I x I with constant 



/I 7-1X^/4-1/2 /I 71 \ 3/2 

C I H| J rdist(J, J)- m / 2 < C I HI J rdist(J, jy 



-A 



because 9 and N were chosen so that ON > 8. 

On the other hand, since ?/w has mean zero in the x-variable, we 
have for the second term that 



a(t) I $>^_ X2j (x)dx = - I i){t,x){l-<&^ X2 j{x))dx 



and, by the definition of $ and ijj 
32 



a(t)\— X 2 \J\ < I \ip(t,x)\dx 

\x-c(J)\>±\ 2 \J\ 



< c\Mtw\~ 1/2 / (i + \ j \^\ x - c{j)\y N dx 

J \x-c(J)\>±\ 2 \J\ 

<c\Mt)\\J\- l,2 ^ {N - 1] \J\ 

with <j)j L 2 -adapted to I. This implies 

(30) \a(t)\ < C\ J\-^ 2 X^ N \Mt)\ = C\X 2 J\-^% N+1/2 \Mt)\ 
and therefore, 

\*m±x 2J (x)\ < c\ 2 N+i/2 \Mtm2j\- i/2 $x 2 Ax) 

Moreover, by Lemma EH | A 2 t/| _1 ^ 2 $A 2 J is a bump function adapted to 
/ with constant comparable to (| J\/\I\) eN ^- l l 2 \f~ 1)l2 . With this, we 
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prove that a(t)$^_ A2j (x) decays with a gain of constant of 



C\7 N ^' z l^) A.C''" -1 ''" ■ C.'A.7 N ^ 



+ l/2/|JK 9JV / 4 - 1 /2 iV/2-1/2 _ ^.-JV^/IJK^ 4 - 1 ^ 



2 



, I T\ \ ON/4-1/2 



/ I 71 \ 36W/4-1/2 , /I 71 \ 11/2 

= C(^j) rdist(J, J)^ 2 < C(^|) rdist(J, J)" 4 

That is, we obtain the estimate 

Hm^ X2j (x)\ < C (^) H/2 rdist(I, J)- A \Mt)\ 

In order to estimate higher derivatives, we proceed in a similar way. 
We denote by d\ and 82 the operators of partial differentiation with 
respect to the variables t and x, respectively. First, we notice that 
since diip out also has mean zero in the variable x, we have 

a {k) (t) J $ ^(x) dx = - j dfy{t,x){l-<$> hX2j {x))dx 



Therefore, we have as in (1301) . 

(31) |a«(t)|<CA^ +1/2 |0f ) WI|A2Jr 1/2 

with <pi L 2 -adapted to /. 

Moreover, by Lemma [5.41 again, we have that \-^\2J\~ 1 ^ 2 ^ J-\ 2 j is 
bump function adapted to I with constant comparable to 

(|J|/|/|)^/4-l/2 A (iV-l)/2_ Then> 



\x 2 j\-^%jt)\ < (^)" /4 " /2 Ar i)/2 i/r 1/2 - (m - fc) -7(t)- 

This way, we have for all k,j< [ON], 

\a^mf 2X Jx)\ < CA-^i^^llA.Jl-^^W^^I 



■TV 



< c\- N+1/2 \i\-w 2+ v Wl (ty 

J\ n 6W/4-1/2 



■N 



and as, before, we rewrite and bound the constant in the following way 

C (^p-'V /2 = c(B)»' /1 - I/ % dlst(/ , jym 

< c(|^J) n/2 rdist(/, J)- 4 

This proves that the second function in (1291) is adapted to I x I with 
an acceptable gain in the constant. 
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With all this work, we have finally that ipout is adapted to I x / with 
the stated gain of constant and so, by the weak compactness condition, 
for every e > there is Mj-^ such that 

/IJI\ 3/2 

|A(Vw)| < C i UJ rdist(J, J)-\F W (I; M T , e ) + e) 
better decay than the one stated. 

b) In working with ipin,in, we first argue that we can assume that 
di?pin,in(c(J) , x) = for any x and < k < N. 

The assumption comes from the substitution of ipi n ,i n (t, x) by 

(32) ^in,in 

(t,x) - {T C {J)T> i X2 ^)(t) ■1p in ,in(c(J),x) 
- 1 

(33) - ^(T c(J) 2V|$)(t)-(t - c{J)) k ■ #VWn(c(J),z) 

k=l 

We just need to prove that the subtracted terms satisfy the desired 
bounds. Notice the use of different dilations of $ in the terms in fl32|) 
and 033]). 

Denote ip(x) = ip in ,in{c{ J), x) and ipk{x) = dfip in)in (c( J), x). Since 
ipin,in is adapted to / x J with constant comparable to C, we have that 

\${z)\ < C\I\-^(1 + \I\-MJ) - c(I)\)- N \<pj(x)\ 
with ifj an L 2 normalized bump function adapted to J. Moreover, 

S1I1CG 

i + \in C (i) - c(j)\ = + \ C (i) - cm 

> |I| -1 diam(I, J) = rdist(J, J) 

we have 

mx)\ < ci/r^rdistc/, ^-^i^cx)! 

On the other hand, we have that ip is supported in J with mean 
zero. Then, by the special cancellation condition T(l) = 0, the explicit 
error of Lemma H~5l and the decay of ip just calculated, we can estimate 
the contribution of the term subtracted in (1321) by 

\{T{T ciJ) V^ Mi fi)M = | (T(Tc(j)Vw\4_ X2 j^),4>) - (T(l),^)| 
< C (W) ^(A 2 /)||^|Ui (K) 
< C ^y^(A 2 /)|J|- 1 /2 rd\st{I,JY N \J\y 2 

/I 71 \ 1/2+5 
= C( UJ rdist(/,J)- 7V F^(A 2 J) 

which is better than the desired bound. 
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For the remaining subtracted terms, we will proceed in a different 
way since we intend to apply the weak compactness condition. As 
before, we have that 

mx)\ < C\I\-^ 2+k \l + \I\-MJ) - c(I)\)- N \<pj{x)\ 
< C|/|-(V2+*0 r dist(J, J)- N \ipj{x)\ 

where (fj is an L 2 -normalized bump function adapted to J. 

Since is adapted to / x J with constant comparable to C, we 

have 

\$\x)\ = \did k 1 i, inM (c(J),x)\ 

< C\I\-W 2 + k ^dist(I, J)- N \J\-^ 2+ ^wj(x)- N 

which shows that ipk is adapted to J with constant C'|/| _( - 1 / 2+A: - ) rdist(J, J)~ N . 

On the other hand, by Lemma l5.51 we have that \J\~ 1 / 2 (Tc(j)V\j\<&){t)(t— 
c(J)) k is L 2 -adapted to J with constant 2 3h k\\ J\ k and order k. Then, 
by the weak compactness condition we have that for every e > 0, 

\(T{{T c{J) V\j\$){.-c{J)) k )M\ 

< C2 3k k\\J\ 1/2+k \I\- {1/2+k) rdist(J, J)- N (F W (J; M r , e ) + e) 
This way, we have 

N 



|E^(n(r c(J) %i$)(-- C (j)) fc ),4) 

k=l 

N /\ J\ \ 1 / 2 + k 

<C^2 3 MU rdist(7, jy N (F w (J; M T , £ ) + e) 

fc=i VII/ 



3/2 



< C2 3N ( IjL ) rdist(J, J)- N (F W (J; M T , e ) + e) 



JT 

which is, again, no larger than the desired bound. 

This finishes the justification of the assumption d k i/j intin (c( J), x) = 
for any x and any < k < N. Now, with this assumption, we further 
decompose ipi n ^ n in the following way: 

yin,in Yin,,in,out Y 'in, in, in 
1pin,in,inV'i X) = 1pin,in(ty x)$ 8_\ 2 j(t) 

bl) We first prove that ipi n ,in,in is adapted to A 2 Jx A 2 J with constant 

3/4 



C [tP\ rdist(/,J)- 



and order N 2 = [iV 1/2 ] 
First, 



n 

(34) d?dii> inM , in (t, X)=J2(1) ^ttl^ di^n,in(t, X) 



fc=0 
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On one side, we have, 

(35) < |A 2 J| 1 / 2 |A 2 J|- 1 / 2 -^ WA2j (t)- 7V2 

which shows that $j_a 2 j is L 2 -adapted to A 2 J with constant compara- 
ble to I A 2 ^| 1/2 - 

On the other side, since the support of ipi n ,in,in in the variable t is in 
A 2 J, for all t G A 2 J and all x G 1R, we have by the extra assumption, 

(36) \d*dii> inM (t,x)\= [ ^ +1 ^ m , m (r,x)dr 



Jc(J) 

< |t-c(J)|||^ +1 ^ m , m (-,x)|| 00 < A 2 |J|||9 1 fc+1 ^ m , m (-,x)|| 00 
By the definition of a bump function we have 

|^ +1 ^fen(r,x)| < L7|/|-( 3 / 2+fe )(l + lirV - c(I)\)- N \<p?(x)\ 

where tpj is an L 2 -normalized bump function adapted to J, simply 
because V , in,m('", •) is adapted to J. Now, from the particular choice of 



$j.a 2 j, we have 



\r-c{J)\ < \t-c{J)\ < 1/2A 2 |J| 

= 1/2| J| 1 -°diam(7 U J) 9 < l/2diam(I U J) 
because |J| < diam(J U J), and so, 

1 + iirv - c {i)\ > 1 + \i\- x \ c {i) - c{j)\ - i/rv - c{j)\ 

> (Jl-Miam^ U J) - l^l/l-Miam^ U J) = l/2rdist(J, J) 
Therefore, 

lld^VWnt^lloo < C| J I - (3/2+fe) 2 iV rdist (/ ? J^) "AT I ^0') (a;) | 



Moreover, as in the proof of Lemma I5.6[ we have that 

\<P?(*)\ < c(JM) V2+i |A 2 -/r (1/2+i) (l + M~ l \x - c(\ 2 J)\)- N > 

Then, with the two previous inequalities, we continue the estimate 
of fl36|) in the following way 

\d>[dii> in)in (t,x)\ < CA 2 |J||/|-( 3 / 2+fc )rdist(J, jy N \l /2 +3 \\2J\- {1/2+3) w X2 ,j{x 

I 71 \ 3/2+fc 

1^1] iJi-cva+fcJrHiHf-.rr .n- N \ 3 J 2+j \ 



= C ( £1 ) rdist(7? j)-^Ar +J |A 2 J|-( 1 / 2 +^«; A2j (^- Ar2 

(37) 

1 \ 3/2+fc 



C HjH |A 2 J|-(V2+*) r dist(/, ^-^A^IA.JI^ 1 / 2 ^)^^^)-^ 
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Therefore, with inequalities (13"o"j) and (13"7|) . we can bound for all 

< n,j < N 2 

n 

< ( 1 )\^A l/2 \^J\- l/2 - [n - k) w X2j {tr N2 

k=0 

I T|\ 3/2+fc 

^jj LV,/r" 2+/ -- , i-dist.(/. J)- A A^ + 'lA,../|- ,l ' 2 -' , (( ^.,,(.r)-^ 

= c 



Now, 



while 



|A 2 Jr^ + ^rdist(J, jy N \ z 2 +K+ >\\ 2 J\-^ 2+ ^w X2 j(x) 
|A 2 J|-( 1 / 2 +")^ 2j (t)- 7V2 |A 2 J|-( 1 / 2+J '^ A2 X^)" Ar2 

< C7 (^) 3/2 rdist(J, j)- N \ 2 r +j (^ + x^y 

|A 2 Ji-( 1 / 2+ ") WA2j (*)-^iA 2 J|-(W) WA2j(x) -iv 2 
A 2+n+J < A 2+27V2 = (| J|- 1 diam(J U J))^+ N ^ 

^M)- 2 ^ rdist(/)J) ^) 

jr| + A2 ~T = (|rf + (^) e (i j i" diam ( j u j ^ e T 

< (j^f (i + rdist(/, jyy < (j^f V < ^ 

Both estimates together give us that Vw^Mw ^ s adapted to A 2 J x A 2 J 
with order A^ 2 and constant bounded by 

/, tin 3/2-20(l+jV 2 ) 

c(rf\) Tdi S t(i,j)-^ N - 2e ^ N ^ 

<^(^[) 3/4 rdist(/,J)- 7 

because, from the choice of 9 and N, we have 6 2 N < i and so, #Af 2 < |. 
This implies 25(1 + N 2 ) < 29 + 1/2 < 3/4. 

Then, by the weak compactness property of T we get 

|A(VWn,in)| < C 7 rdist(J, J)- 7 (F W (X 2 J; M T , e ) + e) 

b2) We now work with tpi n ,in,out- When ^A 2 |J| > 2Ai|/|, we have 
that ipin,in,out is the zero function and so, the right decay of \-h.(i/j in)in>ou t) \ 
is trivially satisfied. Hence, we only need to work in the case when 
|A 2 |J|<2A 1 |/|. 
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In this case, by the extra assumption again, we have the following 
decay 

(t,x)\ < \if)in,in(t, x)\ = \ / diipin )in (r,x) dr 

Jc{J) 

<\t- c(J)|||9iV'm,w(-,^)|U 

(38) < L7|t-c(J)||/r 3/2 rdist(J, J)- N \ifj{x)\ 

where, as before, ipj is an L 2 -normalized bump function adapted to J 
with constant C. 

On the support of ipi n ,in, we have that \t — c(J)\ < 2Ai|/| = 2Ai|I|. 
Moreover, on the support of ipi n ,in,out we have that \t — c(J)| > J|A2|J| 
and \x — c(J)| < t^- A2 1 J\. With the last two inequalities we obtain 
2\x — c(J)| < \t — c(J)\ and so, we can use the Calderon-Zygmund 
kernel representation to write 

A(VWn,oirt) = / 1pin,in,out(t,x)K(x,t) dtdx 



^in,in,out{t,x)(K(x,t) - K(c(J),t)) dtdx 

by the mean zero in the x- variable of ipi n ,in,out- 

Now, since 2\x — c(J)| < \t — c(J)|, we can use the smoothness 
property of a compact Calderon-Zygmund kernel. We recall that, as 
described in Definition 14.41 we have for some < 5 < 1 that 

\K{x,t)-Ktf,t)\ < ^~^ L(\x-t\)S(\x-x'\)D(l+ 1 + j|L ) 

Note also the last remarks at the end of section 14.21 

This, together with the bound for tpi n ,in,out in (1381) . allow us to bound 
in the following way: 

\mn,in >ml t)\ < J \t - c(J)||/|- 3 / 2 rdist(J, J)- N \ V J(X)\ l^'^L 

L(\t - c(J)\)S(\x - c(J)\)D(l + (1 + \t - ^J)!)- 1 !^/)!) dtdx 

By using 2Ai|/| > \t-c(J)\ > ^A 2 | J\, \x-c(J)\ < ^A 2 | J\, c(A 2 J) = 
c(J), the monotonicity of L, S and D, and the L°° norm of (fj ,we can 
estimate the last integral by 

(39) c|/r 3 / 2 rdist(/, jrvr 172 

\x — c(J)\ 5 dx I . n[g dt 

\x-c(J)\<2X 2 \J\ J ^X 2 \J\<\t-c(J)\<2X 1 \I\ \t- C {J)\ 

L(X 2 \J\)S(X 2 \J\)D(1 + (1 + Ai|/|) _1 |c(Ai/)|) 
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Since 5 < 1, the product of the integrals is bounded by a constant 
times 

(2A 2 | J|) 1+5 ((2A 1 |/|) 1 - 5 - (Aa 2 | Jl) 1 - 5 ) < (A 2 | JD^MJI) 1 -' 
= |j|(i-e)(i+5) diam ( 7 u j)^(i+^) d iam(7 U J) 1 ' 5 

= | J| (l-^)(l+<5) j 7 | 1-5+0(1+5) ( 1 7 | -l diam ( / u j)) 1-5+0(1+5) 
= | j| 1+5-0(1+5) | j| 1-5+0(1+5) rdist (7 ; j)l-5+0(l+5) 

Notice that the implied constant Cy grows to infinity as 5' tends to 
one. 

Therefore, we can bound 

\H^n,in,out)\ < |/r 3/2 rdist(7, J)- N | Jr 1/2 
| J|l+^(l+5)| 7 |l-5+0(l+5) rdigt(/) ^1-5+0(1+5) J? Ai/) 

= 1^11/2+5-9(1+5)^1-1/2-5+0(1+5) rdist(/? t/ )-(^-l+^-^l+^))^( A2t7? Al 7) 

|JK 1/2+5-0(1+5) 



1/1 



rdist(J, J)- {N - 1) F K (\ 2 J,X 1 T) 

| JK V2+5' 



/ / \ l/^+d 

< (Uj rdist(/,J)- 7 F x (A 2 J,A 1 J) 

c) It only remains to discuss ipi n ,out- On the support of ipi n ,out, 
we have that |£ — c(J)| > Ai|/| = diam(J U J) and |x — c(J)| < 
2/32A 2 | J| = 2/32| J| 1 ^diam(/UJ) e . Since | J|- 1 diam(/U J) > 1 implies 
|J| 1-9 diam(JU J) e < diam(JUJ), we have that 2\x-c(J)\ < \t-c(J)\ 
and so, the support of ipi n ,out is disjoint with the diagonal. Therefore, 
we can use the Calderon-Zygmund kernel representation 

H^in,out) = / 4> in ,out(t,x)K(x,t)dtdx 



An,<mt(t,x)(K(x,t) - K(c(J),t)) dtdx 

by the zero mean of ipm^ut m the variable x. 

Moreover, since 2\x — c(J)| < \t — c(J)|, we can use the smoothness 
property of a compact Calderon-Zygmund kernel to estimate the last 
integral by 

r \x — c(J)\ s 

(t> x )\ u JIA lt - C ( J )\) 



It-ciJ)^ 5 

S{\x - c(J)\)D(l + (l + \t- ^J)!)- 1 !^^!) dtdx 

Now, using \t-c(J)\ > diam(/U J), \x-c(J)\ < 2/32| J| 1 ~ e diam(/U 
J) e < diam(/U J) and the monotonicity of L, S and D, we can estimate 
the last integral by 

C| J| (1 - e)5 diam(/U J) 95 diam(/U J)- (1+5) L(diam(/U J))5(diam(/U J)) 
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\il> iniOUt (t,x)\D(i + (i + \t - ^j)!)- 1 !^)!) dtdx 

'\t-c( J) |>diam(/U J) 

and we work now with the integral. We momentarily denote d = 
diam(J U J). Then, the monotonicity of D allows us to bound the 
integral in the previous expression by 

(40) g Lir 1 '' xMtdx g ( 1 + 1 + u j) ) 

Now, with \c(I)\ - \c(J)\ < \c(I) - c(J)| < diam(I U J) and 2 k+l > 
2 fc + 1/2, we have 

1 + (1 + 2 fc+1 diam(J U J))- 1 !^./)! 
> (1 + 2 fc+1 diam(J U J)) _1 (l + 2 fc diam(J U J) + diam(I U J)/2 + |c( J)|) 

> (1 + 2 fc+1 diam(J U J)) _1 (l + 2 fe diam(J U J) + |c(/)|/2 + |c(J)|/2) 

> 1/2(1 + 2 fc+1 diam(J U J)) _1 (l + 2 fe+1 diam(J U J) + |c(/)| + \c{J)\) 

> 1/2(1 + (1 + 2 /c+1 diam(J U J)) _1 |c(I) + c(J)|) 

= l/2rdist(2 fe+1 (J, J),B) 

This way, by the monotonicity of Z) again, the expression in fHUj) can 
be bounded by 

(41) ^ f \?p in , out (t,x)\dtdx D (rdist(2 k+1 (I, J), M)) 

k>Q J2 k d<\t-c(J)\<2 k + 1 d 

We work now to bound the L l norm. Since ipi n ,out is a bump function 
adapted to / x J, we can bound in the following way 

\i[>in,out(t,x)\dtdx 

2 k d<\t-c(J)\<2 k + 1 d 

< c\i\- 1/2 [ (i + ill" 1 !* - c(i)\)- N dt \j\ 1 ' 2 

J2 k d<\t-c(J)\ 

< C\I\-V 2 (1 + \I\- l 2 k d)- N \I\\J\V 2 
= C\I\ 1/2 \ J| 1/2 (l + 2 fe rdist(J, J))~ N 
Then, (|4ip can be bounded by 

qj|i/2| j|i/2 + 2 fc rdist(J, J))~ Ar J D(rdist(2 fe+1 (/, J),B)) 

fc>0 

< c|i| i/2 ijr /2 X! 2_JVA:jD ( rdist ( 2fe+1 ^' J )' B )) 

fc>0 

<c|j| i / 2 |jr /2 ^(u^)) 

because 2 k rdist(J, J) > 2 fc > 1, with D(K) = J2 k > 2~ k D( rdist(2 fc+1 if, 
Then, we finally bound 

\m>in,out)\ < c|j|M a diam(/u J)- 1 -^!/! 172 !^! 172 

L(diam(J U J))S(diam(J U J))D((I, J}) 
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< C (jfi) (|/r 1 diam(7 U F K ({I U J» 

< C(ij|) rdist(7, J)-^F K ((I U J)) 

since (1 - 6)8 > 5 - 9(1 + 5)= 5'. 

This proves the desired estimate for A(^j„ jOUt ) and completes the 
proof. 

□ 

6. L p COMPACTNESS 

We devote the first part of this section to describe in detail the way 
we decompose the time-frequency plane to obtain a particular type of 
wavelet basis of L 2 (IR) and how we use this basis to decompose the 
operators under study. 

Let G <S(R) be an even function such that is supported in {£ e 
R : |f | < 2} and equals 1 on {£ e R : |£| < 1}. Let tp be the 
function ijj(x) = <fi(x) — <f>(x/2)/2. Then ip is supported on the annulus 

{(el: 2' 1 < |f | < 2} and moreover Efcez^/ 2 ^ = for a11 £ ^ °- 
We define the Littlewood-Paley projection operators in R given by 
Pk(f) = f*T>l-kif> and V< k (f) = f*V\_ k <j>. We observe that V< k (f) = 
Ej<fe 'Pj(f) and also that lim^^ V< k (f) = f while lim*.^ V<- k (f) = 
where in the three cases the convergence is understood in the topology 
of<S(R). 

Let us now consider the sequences of intervals u k = [2 fc_1 , 2 fe+1 ], 
oj' k = —0J k . Since V k (f) has Fourier support in u k U u' k , we have by 
Shannon's sampling theorem that 

rk(f) = Y,(f,l>i, Uh )il>i, Uh 

iev k 

where the sum runs over T> k , the family of all dyadic intervals I such 
that |/| = clwfel^ 1 = c2~ fc , where c is a fixed constant and the conver- 
gence is understood again in the topology of «S(R). Moreover, ipi jU)k 

are Schwartz functions such that supp-0/ itJfe C uj k and ipi jU ) k ( x ) = 
e~ 27ric ^ k ^ x il>i j0 j k (x) are bump functions adapted to I with any prescribed 
order N and constant C > depending only on the function ifj. 

We show now that the functions tpi, Uk are bump functions adapted 
to I of order N with the larger constant C(5nc) N . 

n 

= IE ( I )(2^cK)) fe e 2 ^-)^t- fe) (x)| 
<CJ2(1) (2n\c(u k )\) k \I\-^+ n - k \l + \I\~i\x - c(I)\)- N 

k=0 

= C{27i\c{u k )\ + l^l" 1 )^!^! 1/2 (1 + l/]- 1 ^ - c(I)\)~ N 
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< C(57Tc) n |/|- 1 / 2 - n (l + ll^lx - C(I)\)- N 

since, by construction, | c(ojfc) | = 5/42 fc = c5/4|/| _1 and so, 27r|c(o;fc) | + 
I/]- 1 = 2ttc(3/2 + 
From now we drop the index Uk in the notation of ipj. 

This construction allows us to represent any continuous operator T 
as a superposition of terms defined by the action of the operator over 
bump functions. We first show that 

(T(J),g)=52(T(V i f),V j g) 

for all f,ge S(R) . 

For iV G N, we consider the operator T N defined by 

(T N (f),g)= E (TO.^> 

1*1, b'l < n 

Unfolding the sum we have, by bilinearity and the continuity of T in 
the topology of «S(R), that 

(T N (f),g) = (T(V< N f),V< N g)-(T(V< HN+1) f),V< N g) 

-{T{V< N f),V<- {N+1) g) + (T{V<- {N+1) f),V<- (N+1) g) 

Moreover, by the continuity of T again, we have that the first term 
tends to (T(f),g) while the other three terms tend to zero. This im- 
plies, (T(f),g) = limjv_ >00 (T / v(/),#) as we wanted. 

It also follows that 

(T(f),g)= lim £ (T(Vif),Vjg) 

N— toe • i — ' 

= i im E E (f^i){gMWi)M 

TV— >oo * — ' * — • 

|i|,b'|<iV/eX'i,Jei>j 
This means that we can write 

(T{f),g) = E {fMigMWi)^) 

i,Jev 

where the sums run over the whole family of dyadic intervals in R. 
Furthermore, since 

(P M (T(f)),g) = (T(f),P M g) = E E (fM{gM{T{^)M 

I&V J&V M 

we have that 

(42) (P&(T(f)),g) = E E (fMMMTtyMj) 

lev JeT> c M 

where the summation is performed as in equation (J2]). 
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We prove now our main result about compactness of singular integral 
operators when they satisfy the special cancellation conditions. 

Theorem 6.1. (L 2 compactness in the special cancellation case). Let 
T : <S(M) — > 5'(K) be a continuous linear operator associated with a 
compact C alder on- Zygmund kernel. Assume that T satisfies the weak 
compactness condition and the special cancellation conditions T(l) = 
T*(l) = 0. 

Then T can be extended to a compact operator on L 2 (IR). 

Proof. By Theorem 12.111 in order to show compactness of T, we need 
to check that P^(T b ) converges to zero in the operator norm || • ||l 2 ^l 2 
when M tends to infinity. For this, it is enough to prove that (P^(T(/)), g) 
tends to zero uniformly for all /, g G cS(R) in the unit ball of L 2 (IR). 

We start by proving that for every e > there is M G N such that 
for any M > M , we have F(h, . . . , J 6 ; M Tj£ ) < e for I t G V C M . This 
will follow as a consequence of the inequality F(J; Mr )£ ) < e for every 
/ G T> C M . We notice that the implicit constants only depend on the 
admissible functions. 

For e > we remind the reader that Mr )(E > is a constant such 
that for any interval I and any (pj, (fj bump functions adapted to I 
with constant C > and order N, we have 

|(T(0 7 ),^)| <C(F w (I;M T , € ) + e) 

For a fixed M Ti£ > 0, there is M G N, depending on e, M Tj£ , with 
M > Af r , e , such that for any M > M , 

L K {2 M ) + S K {2- M ) + D K {M)<e 

and 

L W (2 M ' M ^) + S w (2^ m - Mt ^) + D w (M/M T)e ) < e 
Let / G T> C M . The claim is proven by considering the following cases: 

(1) If |/| > 2 M then, since Lk and L\y are non-increasing, we have 

F(I;M T , e )<L K (\I\) + L w (\I\/2 M ^) 

< L K (2 M ) + L W (2 M ~ M ^) < e 

(2) If |/| < 2~ M then, since Sk and Sw are non- decreasing, we have 

F(J;M T , e )<^(|/|)+M2 MT ' £ |/|) 
< S K {2- M ) + 5 w (2-( m - Mt ^)) < e 

(3) If 2- M < |/| < 2 M with rdist(7,B 2 A/) > M then, as we saw in 
the remark after Definition |2H2l |c(/)j > (M-1)2 M . Therefore, 



A CHARACTERIZATION OF COMPACTNESS FOR SINGULAR INTEGRALS 51 

This way, \ rdist(/,B 2 M Te ) > M/Mt, 6 - We can apply a sim- 
ilar reasoning to show that we also have rdist(J,B) > M. 
Then, since D\y is non-increasing, we have 

F{I- M T , e ) < D K (rdist(I,m)) + D w (M^ e rdist(I,M 2 M Tte )) 
< D K (M) + D w (M/M T , e ) < e 

Now, for every fixed e > and chosen M G N, we are going to prove 
that for all M > M such that M2~ MS + M~ 5 < e, we have 

\(P&i(T(f)),g)\<e 

with the implicit constant depending on 5 > and the constant given 
by the wavelets basis. 

By equation (H2l) . we have that 

(43) (P 2 A AI (T(f)),g) = Y, E (fM(gM(T{^i)M 

i&v Jev? 2M 

where (ipi)i is the wavelet basis given in the remarks preceding the 
statement of the theorem. Note that there exist a fixed order iV and 
constant C, such that each tpj is adapted to / with constant C and 
order N. Furthermore, we are free to choose this iV so as to ensure 
that Corollary 15.91 applies. 

From now on, we work to obtain bounds of the expression (H3|) when 
the sum runs over finite families of dyadic intervals in such way that 
the bounds are independent of the particular families of intervals. In 
view of the rate of decay stated in Corollary 15.91 we parametrize the 
sums according to eccentricities and relative distances of the intervals: 

(4(t(/)),j>-EE E Y,(fM(9Mmi)M 

eeZ neN j e T>l M l£Je,n 

where for fixed eccentricity e G Z, relative distance n G N and every 
given interval J, we define the family 

J en = {I eV:\I\ = 2 e \J\,n< rdist(7, J) < n + 1} 

Notice that by symmetry the family {(J, J) : J G I e , n } can be also 
parameterized as {(/, J) : / G J- e ,n}- 

We bound the previous expression in the obvious way, 

i(4 f w)),j>i<EE E E \miUj}\\(fM\\(gM\ 

With 5 denoting 5' of Corollary 15.91 we have that given e > and 

M Tte G N 

| (T{^)M | < 2 -H(V^ (F(h, . . . , J 6 ; M T , e ) + e) 

where h = J, I 2 = J, -/~3 = (I, J) , h = XiK M , h = ^K M and 
Iq = A2-Km with parameters Ai,A2 > 1 explicitly provided by the 
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mentioned corollary. To simplify notation, we will simply write F(Ij). 
We also notice that the implicit constant might depend on 5 and the 
wavelet basis, but it is universal otherwise. 
Therefore, we can bound 

(44) \(P 2 X M (T(f)),g)\<J2Yl E E 2- |e|(1/2+5 V (1+5) 



eGZ neN j(z d= m /eJ, 



c.ri 



(F(lO + e)|aV>,>||<#,V>/}| 
Now, in order to estimate this last quantity, we divide the study into 
six cases: 

(1) k i V M for alH = 1, . . . , 6 (4) / £ V M but G V M 

(2) I e Pa/ (5) / £ D A/ but A 2 i^ max . G P M 

(3) (/ U J) G Pa/ (6) / £ X> A/ but A 2 K mm G £> M 

1) In the first case, we have that < e. Then, by Cauchy's 
inequality, we bound the terms in (|44p corresponding to this case by 

2ej2E 2 - m/2+s)n ' il+5) {i: E ia^)i 2 ) 1/2 (E E i<^>r xV2 

e6Zn6N f 6 2J j 6 /- e ,„ Jen ieJ e , n 

Now, for every fixed J and each n G N there are 2~ min ( e '°) dyadic 
intervals I such that |/| = 2 e \J\ and n < rdist(J U J) < n + 1. This 
implies that the cardinality of J e) „ is 2~ mm ( e '°). For the same reason, 
the cardinality of I- e ,n is 2~ mm ( -e '°) = 2 max ( e '°). Therefore, the previous 
expression coincides with 

2e^^ 2 -N( 1 /2+<5) ri -(i+*) (2 max(e ' 0) ^|(/,^)r) 1/2 
egz ngN /ex? 

(2- min(e ' 0) ^|(^^)| 2 ) 1/2 
Jev 

<2e^ 2~ |e|(1/2+5) 2 max(e ' 0)/2 2~ min(e ' 0)/2 n _(1+,5) H/H2IMI2 

eGZ neN 

= 2e (^2-N^^))|| / || 2 ||,|| 2 

eeZ neN 

since 2 max ( e '°)2- min ( e '°) = 2K This finishes the first case. 

In the remaining cases, we will not use the smallness of F. Instead, 
we will use the particular geometrical disposition of the intervals / and 
J, which make either their eccentricity or their relative distance very 
extreme. We recall that the intervals / and J in the sum (144")) satisfy 
I J I = 2 e \J\ and n < rdist(J, J) < n + 1. 

2) We deal with the case when / G T>m, that is, when 2~ M < |/| < 
2 M and rdist(J, B 2 m) < M. Notice that, since F is bounded, we can 
estimate + e < 1. 
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Since J G T> 2M , we separate the study into the three usual cases: 
|J| > 2 2M , \ J\ < 2~ 2M and 2~ 2M < \ J\ < 2 2M with rdist( J, M 2 ,m) > 
2M. 

2.1) In the case \J\ > 2 2M , we first notice that whenever e > we 
have that |/| > |J| > 2 2M , which is contradictory with / G Dm- On 
the other hand, whenever e < we have 2 e \J\ = \I\ < 2 M and so, 
2 e < 2 M \J\~ l < 2- M , that is, e < —M. Then, we bound those terms 
in (jHJ) corresponding to this case by 

c j2 j2 2 ~ le]{1/2+5) ^ {l+s) E E k/^>ik^>i 

e < —A/ n>l J ^ V 2M -fSJe.n 

< £ ^2-N( 1 /^) n -(i^) 2 N/ 2 || / || 2 | k || 2 

e < — Af ™>1 

= ( E a-M'Xy^ll/yMh 

e<~M n>l 

<2- M5 \\f\\ 2 \\g\\ 2 <e\\f\\ 2 \\g\\ 2 

by the choice of M. 

2.2) The case |J| < 2 _2M is totally symmetrical and amounts to 
changing e < -M by e > M in previous case. 

2.3) Finally, we deal with the case when 2~ 2M < \J\ < 2 2M and 
rdist(J,B 2 2A/) > 2M. Then, |J| = 2 k with -2M < k < 2M and 
\c{J)\ > (2M - 1)2 2M . Since I eV M , we have 

M > rdist(/,B 2A /) = 2~ M diam(7 U B 2 m) 

= 2~ M (2 M - 1 + |/|/2 + \c(I)\) > 2- M (2 M - 1 + |c(/)|) 
and then, \c(I)\ < (M — 1/2)2 M . This implies 

\c(I) - c(J)\ > \c(J)\ - |c(/)| > 2M2 2M — (M — 1/2)2 A/ > M2 2M 
Therefore, for e < we have 

n + 1 > rdist(J, J) = | J|- 1 diam(7 U J) > | ^ | 1 1 - c(J)\ 

> 2~ 2M M2 2M = M 

while for e > we have 

n + 1 > rdist(J, J) = l/l-Miam^ U J) > liT^cOO - c(J)| 

> 2 M M2 2M > M 

This way, we bound the relevant terms in (jUJ) by 



n>M-l 



;$( E 2He ' 5 E -- (1+5) )i^ 2 ^ 2 

e g Z n>M-l 

<M- 5 ||/|| 2 ||^| 2 < e ||/|| 2 ||^|| 2 
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again by the choice of M. 

3) Now, we deal with the case when (J U J) G T>m, that is, when 
2~ M < \(I U J) | < 2 M and rdist((J, J),B 2 m) < M. Both things imply 
that 2~ M < diam(7 U J) < 2 M and \c((I U J))| < M2 M . 

Moreover, we have that c((J U J}) = l/2(c(J) + c(J) + or(|I| - | J|)) 
with a; G {—1, 1}. Then, 

\c(I)+c(J)\ < 2|c((/UJ))| + ||/|-|J|| < 2M2 A/ + |(/UJ)| < 2(M+1)2 M 

3.1) When |J| > 2 2M we have that \(I U J)| > |J| > 2 2M implies 
(I U J) ^ Pm and so, we do not need to consider this case. 

3.2) When 2~ 2M < |J| < 2 2M with rdist( J, B 2 2m) > 2M, we have 
that \c(J)\ > (2M - 1)2 2A/ > M2 M . 

If signc(J) = — signc(J) we have 

| (/ U J) | = diam(J, J) > \c(I) - c(J) | 

= \c(I)\ + \c(J)\ > \c(J)\ > M2 2M 

which is contradictory with (I U J) G T>u- 
Otherwise, if sign c(J) = signc(J) we have 

| c (/) + c (J)| = | c (/)| + | c (J)|>M2 2M 

which is also contradictory for the same reason. So, we do not need to 
consider this case either. 

3.3) The only remaining case is when |J| < 2~ 2M . When e < 0, we 
have 

n + 1 > rdist(J, J) = | J|- 1 diam(J U J) > 2 2M 2~ M = 2 M 
Meanwhile, when e > 0, 
n + 1 > \I\- l d\am{I U J) = 2- e \J\- 1 \(I U J)\ > 2~ e 2 2M 2- M = 2 M ~ e 
We bound the relevant part of fj44|) by a constant times 

e<0 n>2 A/ -l JeT>^ M IeJe,n 

+ E E 2-i e i^) n -(^) ^ ^ i 1(^,^)1 

e > n>max(2 M - e -l,l) J ^- V 2M I ^ J &,n 

<( E 2He|5 E -- (1+5) )mi 2 iMi 2 

e < n>2 M ~ 1 

+( E 2 ~ |e ' 5 E E 2-N*$>-^))imi 2 iMi 2 

0<e<M-l n>2 M ~ e -l M<e n>l 

<2- M 1/|| 2 N| 2 +( E 2^2-(^+ 2- e5 )||/||2|kl|2 

<e< M -1 M < e 

< 2- A/5 ||/|| 2 ||^|| 2 + (M2- MS + 2- M5 )||/|| 2 |k|| 2 < e||/|| 2 ||»|| 2 
6) We deal now with the case A 2 K min G V M . 



A CHARACTERIZATION OF COMPACTNESS FOR SINGULAR INTEGRALS 55 

6.1) When \J\ > 2 2M , we have two cases. Whenever e > then, 
Kmin = J and so, |A 2 J| > |J| > 2 2M which is contradictory with 
A 2 J G T^m- 

On the other hand, when e < we have K min = I and |J| < |A 2 /| < 
2 M . Then, 2 e = |/|/|J| < 2~ M and so, e < — M. Therefore, previous 
arguments show that the correspoding part of fj44l) can be bounded by 

eimi 2 Ni 2 . 

6.2) When 2~ 2M < |J| < 2 2M with rdist( J, B 2 2m) > 2M, we have as 
before that \c(J)\ > (2M - 1)2 2M . Then, since we also have 2~ M < 
|A 2 J| < 2 M with rdist(A 2 J,B 2 Ai) < M we deduce that 

M > rdist(A 2 J,B 2A /) = 2" M diam(A 2 J U B 2 m) 

> 2- M |c(J)| > (2M - 1)2 M 

which is also contradictory. 

6.3) When |J| < 2~ 2M , we have from |A 2 J| > 2~ M that A 2 > 
2- M \J\- 1 > 2 M . Therefore, if e < 0, we have 

2 M < A 2 = (| J|- 1 diam(7 U J)) e < \ J|- 1 diam(7 U J) < n + 1 

which implies n > 2 M / 2 . 

Meanwhile, if e > 0, we have 

2 M < A 2 < I J|- 1 diam(J U J) = 2 e |/|- 1 diam(7 U J) < 2 e (n + 1) 

and so, either e > M/2 or n + 1 > 2 M//2 . In any of these cases, previous 
arguments show again that the relevant part of (H4|) can be bounded 
by e||/|| 2 ||#|| 2 . 

Finally, we notice that similar type of calculations are enough to deal 
with the other two remaining cases 4) and 5). This finishes the proof 
of compactness on L 2 (IR). 

From the classical David and Journe's T(l) theorem, we know that 
the operator T is bounded on any L P (IR) with 1 < p < 00. Therefore, 
since we have proven T to be compact on L 2 (M), we can use classical 
interpolation techniques to also obtain compactness of T on L P (IR) for 
all 1 < p < 00. 

We refer to the following theorem, whose proof, in a more general 
setting, can be found in [9] and also in [3]. 

Theorem 6.2. Let 1 < Pi,r 1; p 2 ,r 2 < 00 be a set of indices with r\ < 
00. Let T be a given linear operator which is continuous simultaneously 
as a mapping from L Pl to L Tl and from L p ' 2 to U 2 . Assume in addition 
that T is compact as a mapping from L Pl to L Tl . Then T is compact 
as a mapping from L p to L r , where 1/p = tjp\ + (1 — t)/p 2 , 1/r = 
t/n + {l-t)/r 2 , < t < 1. 
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7. Compact Paraproducts 

For the proof of compactness on L P (IR) in the general case, that is, 
without the special cancellation conditions, we follow the same scheme 
as in the proof of the classical T(l) theorem. When b\ = T(l) and 
62 = T*(l) are arbitrary functions in CMO(R), we construct com- 
pact paraproducts T& associated with compact Calderon-Zymund ker- 
nels such that 7^(1) = bi, T 6 * (1) = 0. The operator 

f = T-T bl - T* 2 

then satisfies all the hypotheses of Theorem 16.11 and therefore T is 
compact on L P (IR). Furthermore, since the operators T bl and T b are 
compact by construction, we deduce that the initial operator T is also 
compact on L P (IR). 

We remark that, as we will later see in full detail, the appropriate 
paraproducts are exactly the same ones as in the classical setting, with 
the only difference being that the parameter functions fej belong to the 
space CMO(M) instead of BMO(R). 

Proposition 7.1. Given a function b in CMO(l), there exists a linear 
operator Tb associated with a compact C alder on- Zygmund kernel such 
that Tb and T b are compact on L P (M.) for all 1 < p < 00 and it satisfies 
(T b (l),g) = (b,g) and (T b (f), 1) = 0, for all f,g e 5(R). 

Remark 7.2. Once the proposition is proven, the required operators to 
finish our program will be T b = T bl and T b 2 2 = T fe * . 

Proof. Let (ipi)i^v be a wavelet basis of L P (IR) such that each ipj is 
an L 2 -normalized bump function supported and adapted to / with 
constant C > and order N. 

We denote by a positive bump function supported and adapted 
to [—1/2,1/2] with order iV and integral one. Then, we have that 
< <j>(x) < C{1 + \x\Y N and \<j)'{x)\ < C(l + ^l) - ^. Notice we can 
take C = N. Let {4>i)iev be the family of bump functions defined by 
<pi = T c (i)T>^(j). Then, it is clear that each <pj is an /^-normalized bump 

function adapted to I and so, satisfying 4>i(x) < C|/| _1 (l + — 
c{I)\)- N and < C|/|- 2 (l + \I\~ l \x - c{I)\y N . 

We define the linear operator Tb by 

(T b (f),g) = Y,Mi)UM(9M 
lev 

Since b e CMO(M) C BMO(R), we know T b is bounded on L P (R) and, 
at least formally, it satisfies (T b (l),g) = (b,g) and (T b (f), 1) = 0. 

We will now prove that T& is compact on L P (M). The fact that also 
T b * is compact on L P (IR) follows by symmetry. We need to verify that 
P^iTb) converges to zero in the operator norm || • \\lp^lp- This is 
equivalent to proving that (P^(Tb(f)), g) tends to zero uniformly for 
all f,g E 5(R) in the unit ball of L P (R) and L p ' (R) respectively. 
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We know that P^ig) = J2iev c (9ji J i)i J i- Moreover, since (ipi)iev 
can be chosen so that it is also a wavelet basis on CMO(R) (see the 
comments in Lemma 12 . 1 6j) . we have Pijib) = Yliiev c Then, 

(P^(T b (f)),g) = (T b (f),P^g)) 

= J2^4>i)(fAi)(Ph(g)^i) = E (WiXfMMi) 

lev iev c M 

(45) = J2( P M(b)M{f,<j>i){gM = (T Pii(b) (f),g) 

lev 

Now, by the boundedness of T P ±^, we have 

\( P M( T b(f)),g)\ < II^A?(6)I|bMO(R)||/||lp(R)||^|Ilp'(R) < ||^m(&)||bMO(R) 

which tends to zero when M tends to infinity. 

To finish the proof, we still need to prove that T b belongs to the class 
of operators for which the theory applies. In particular, we must show 
that it has the integral representation of Definition 12.61 with a kernel 
satisfying the Definition 12.31 of a compact Calderon-Zygmund kernel. 
For any f,g e «S(R) with disjoint support, we have 

(T b {f),g) = ^2(bM(fM(9M 
lev 

= 11 f(t)g(x)J2( b ^i)Mt)^i(x)dtdx 

As we will see later, disjoint supports of / and g implies the convergence 
of the infinite sum. The kernel of T b is hence given by 

lev 

We will now check that K satisfies Definition [23] of a compact Calderon- 
Zygmund kernel: 

\K(x, t) - K(x, 01 < " t\)S(\x - t\)D(\x + t\) 

whenever 2\t — t'\ < \x — t\. The analogous statement for \K(x,t) — 
K{x' ', t) | follows similarly. Actually, we are going to prove that \K(x, t) — 
K(x,t')\ can be dominated by \t — t'\/\x — t\ 2 times a bounded func- 
tion which tends to zero when \x — 1\ tends zero, when \x — 1\ tends to 
infinity and when \x + t\ tends to infinity (cf. Section |4T2|) . 
First of all, we have that 

K(x,t) - K(x,t') = J2(bM{Mt) - Mt'))Mx) 

lev 

Moreover, we notice that {4>i{t) — 4 > i(t'))'ipi{x) ^ implies that 
x, t, t' G 21 for all intervals in the sum. By symmetry, we can assume 
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\x — t'\ < | a; — t\. Let I x>t be the smallest dyadic interval containing x, 
t and t'. Notice that \x — t\ < 2\I Xit \ and that 



(46) K{x,t) - K(x,t) = Yl (bMiMt) ~ Mt'))^ 



x) 



lev 

Ix.t c / 



Since b G CMO(R), for every e > there is M G N such that 
II-Pm(^) IIbmo(R) < e an d 2~ M < e. We are going to prove that 

\t-t'\ 



\K(x,t)-K(x,t')\< 

2 M , 

||&||bmo(r)) _1/2 



\x-t\ 2 

when \x-t\> 2 M , \x + t\ > M2 M+1 or \x - 1\ < 2\I Xjt \ < 2- 3M / 2 (l + 



1) When | a; — 1\ > 2 M we have that all intervals I in the sum satisfy 
| > \x — 1\ > 2 M and so, I G Vy. We can rewrite equation (T4"6"j) as 



K{x,t) - K(x,t') = (b,4iKMt)-Mt)W 
iev h 



X) 



lev 

Then, 

\K{x,t)-K{x,t')\ < \\p^b)\\ BMom \\Y,(Mt)-Mt'))Mx)i>i 

lev 

With the use of the square function S, the if 1 -norm is equivalent to 



lev 

= /( E \m - Mt')\ 2 mx)\ 2 ^) 1 ' 2 dy 

lev 11 

Ix,t c I 

Let (h) ken be the family of dyadic intervals such that I xt C Ik with 
\Ik\ = 2 k \I x ^\. We also define 7_i = 0. Then, we can rewrite the 
previous integral as 

E / (Ei^w-^^h^wi 2 ^) 172 ^ 

fc>0 Jl k\h-i j> k ' 

Now, since the integrand is constant on every interval Ik\Ik-i, the 
integral can be bounded by 

( 4? ) E (Ei^w -^(0l 2 l^(x)| 2 ^) 1/2 |4\4-i| 

fc>o i>fc ' 

Since 

\Mt) - <M*')I < \\dt<t>ih°° m \t - t'\ < c\i\- 2 \t - t'\ 



A CHARACTERIZATION OF COMPACTNESS FOR SINGULAR INTEGRALS 59 

and \ipi(x)\ < C|Z|- 1 / 2 (1 + \I\- % \x - c(I)\)~ N , we bound gT]) by a 
constant times 

fc>0 j>k 1 1 1 31 fc>0 j>fc 1 ' 1 

\ L^l 06j I T , 2 ~ 03A: U _ +12 ~ 



\t 


-A 


\x 


-t\ 2 



\t 


-t'\ 


\x 


-t\ 2 



\Ixt\ 2 ~ ^ 2 3fe 

fc>0 j>k 1 ' 1 fc>0 1 1 

We have obtained 

\K(x,t) - K{x,t')\ < \\P^(b)\\ BMom ^\ < e 

\x ~c\ 

by the choice of M. 

2) We work now with the case when \x + 1\ > M2 M+1 . Since every 
interval / in the sum satisfies I Xtt C /, we have (x + t)/2 G / and so, 
\c(I)-{x+t)/2\ < \I\/2. This, in turn, implies \c(I)\ > \x+t\/2-\I\/2. 

Now, if \I\ > 2 M we have as before, / G T> C K[ . On the other hand, if 
|/| < 2 M we get 

rnWfK ^ diam(/,B 2 M) | c (/)| + 2 M ~* + \I\/2 
rdist(7,B 2 M) ^ ^ 

\x + t\/2 + 2 M - 1 _ \x + t\ 1 
— 2 M 2 M+1 2 

by the property of |x + 1|. Therefore, we also obtain / G and as in 
the previous case we conclude that 

\K(x,t)-K(x,t')\ < ||P^)|| BMO(M) |^l < e 

3) The last case, when \x — 1\ is small, is a bit more involved. When 
\x — t\ < 2~ 3M / 2 (1 + ||6||bmo(r)) _1 ^ 2 ; those intervals in the sum such 
that |/| < 2 _M or |/| > 2 satisfy that / G T> C M and may be taken care 
of as in the previous cases. 

However, those intervals such that 2~ M < \I\ < 2 M may belong to 
T>m and the previous argument can not be used. Instead, we reason as 
follows. The terms under consideration in the expression of K(x, t) — 
K(x,f) are given by those intervals / G V such that I x>t C / and 
2~m < |j| < 2 M . These intervals can be parametrized by size as 
|4| = 2 k \I x>t \ with -M - log \I X)t \ < k < M - log \I x>t \. Notice that, 
since \x - t\ < 2~ 3M / 2 , we have —M - log \I Xyt \ > M/2. We are left 
with the sum 

-M-log\I Xit \<k<M-log\I Xit \ 



\t 


-t'\ 


\x 


-t\ 2 
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By using < ||&||bmo(R)|/| 1/2 , |<M*) ~<M*')I < I'M* ~A and 

\i/ji(x)\ < |/| -1 ^ 2 , we can bound the sum by 

IHlBMO(M) E \ Ik \ 1/2 \I [2 1/ 11/2 i f "^l 



-M-log|/ x , t |<fc 



= ihibmo(m) E 2^rr^' t_t '' 

<- IILII 2Mi r |2^ — H ^ 2M -3M r — H 

^ ||0||BMO(R)^ \ I x,t\ I T , 2 < ^ ^ I r i 2 

M | t _ t '| |*-*'| 



< 2" M ^ -L < e 

\x-t\ 2 ~ \x-t\ 2 

by the choice of x, t and M. 

We note that in dealing with the case K(x,t) — K(x',t) we make 
use of the analogue inequalities |0/(t)| < and \ipi(x) — ipj(x')\ < 
\I\~ 3 / 2 \x - x'\. 

Finally we must verify that lim K(x, t) = 0. This will be done by 

\x— 1\— >oo 

similar arguments. As before, we have when \x — t\ > 2 M that 



\K(x,t)\ = \/p^(b),Y,Mt)M^i 



lev 



< 



| -Pm(6) || BMO(R) E <l>l(t)^l(x)lpl 



. J I 

lev 

Ix,t c / 

Using the same parametrization as before, we write the second factor 
as 



E / (£iwoi a i^)i«% 

fe>0 Jl kVk-l j>k 1 

= E (E i^(*)i 2 i^wi 2 i^|) 1/2 iw*-ii 



k>0 j>k 

Since |0/(t)| < |/| _1 and 1^/(^)1 i$ l-^l -1 ^ 2 ) we bound this by a constant 
times 



1 1 \ 1/2 , , fsr^ 1 1 \ 1/2 



k>0 j>k 1 J > fc>0 i>fe 1 

= y f y J-) 1/2 2 ^ < y J- 2 *^- < -J- 

Z^V^2 4 V J xt ~Z^2 2fe b-t ~ \x-t\ 

k>0 j>k 1 :E ' t| fc>0 

We conclude that for \x — t\ > 2 M we have 

|tfOM)|< ||^f(6)||BMO(R)j^|, 

finishing the proof. 



x,t\ 
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8. ENDPOINT ESTIMATES 

In this last section, we complete the proof of Theorem 12.191 by ex- 
tending the previous results to the endpoint case. That is, we prove 
that the operators are compact as maps from Lq MO (]R) to CMO(R). 
Furthermore, we also prove that under the special cancellation condi- 
tions T(l) = T*(l) = 0, the operator T is compact on CMO(R). 

8.1. Boundedness of a Martingale transform. We start by demon- 
strating the boundedness of a new Martingale transform. Its definition 
and the proof of its boundedness on L P (M) for 1 < p < oo appear in 
the preprint [TT]. We include here the endpoint result. 

Definition 8.1. Let (^j)j^r> be a wavelet basis of L 2 (M.) parametrized 
by dyadic intervals. 

Given k G Z and n G N, n > 1, let be the operator defined by 

TUf)(x) = J2 E (fMMx) 

lav jei k , n 

where, as usual, for each fixed dyadic interval I, Ik, n is the family of all 
dyadic intervals J such that \I\ = 2 k \J\ and n < rdist(J, J) < n+ 1. 

In the proposition below, we prove boundedness of this modified 
Martingale operator. 

Proposition 8.2. Let fceZ and n G N, n > 1. Then, T^ >n is bounded 
on BMO(R). Moreover, 

||IW||bmo(r) < 2l fc l/ 2 (log(n + 1) + max(-M) + 1) 1/2 ||/||bmo (K ) 
with an implied constant independent of f, k and n. 

Remark 8.3. By duality and the fact that T£ n = T_ fc n , we have that 
Tk tTl is also bounded on if 1 (IR) with 

||7*,n/||fliCR) < 2l fc l/ 2 (log(n + 1) + max(A;, 0) + l) 1/2 \\f\\m m 

Proof. Let / G <S(R). Let K C R be an interval and V K (f) = 
^2i C K(f,ipi)il>i be the projection operator. Then, we need to bound 

(48) ||^(T n)jfc (/))||| 2(R) = 1 E </>v*>| a 

ICK J€l k ,n 

In order to compute the sum, we use an argument that distinguishes 
between large and small scales (k > and k < 0), with a slightly 
different argument in each case. 

We first assume k > 0. In this case, the cardinality of is 2 k and 
so, every different interval I is associated with 2 h different intervals J. 
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Therefore, by Cauchy's inequality, the contribution of those intervals 
to the right hand side of (Hgj) can be bounded by 

(49) Y, 2k E \(fM\ 2 

ICK J£l k>n 

Now, we separate again into two different cases: when J C 3K and 
when J <£. 3K. 

1) In the first case, we show first that for different intervals / ^ I', 
the families I k>7u I' kn are disjoint. We denote I n = I + n\I\, which 
contains every J G Iu,n- If \I\ = then, I n fl I' n = and so J fl J' = 
for every J G ifc >n , J' G I' kn . Meanwhile, if |/| ^ then trivially 
| J| 7^ | J' | for all J G Ik, n , J' £ Hence the families are disjoint. 

Then, by the disjointness of the families we have that every 
interval J in the inner sum in (H9l) appears only once and so, the 
subsum of (149]) of terms corresponding to intervals / and J such that 
I C K and J C 3_fT can be bounded by 

2 fc e i(/.^)r<2 fe ii/iii MO(K )i^i 

JC3K 

2) In the second case, of intervals / and J such that I C K and 
J ^ 3i^, we have diam(J U J) > \K\. Now, for every j > 0, we denote 
by Kj the family of dyadic intervals I d K with |/| = 2~i\K\. For 
every / G i£j we have 

,. , r TN diam(IUJ) Itfl 
n + 1 > rdist(7, J) = ^ ^ > = 2 J 

We first show that, for every j, the union of disjoint intervals J G Ik, n 
when varying / G l£j has measure at most \K\. Clearly, for fixed /, 
the union of the disjoint intervals J G Ik, n measures |/|. Moreover, the 
union of the disjoint intervals / G Kj measures at most \K\. Then, 

U U A<Y. Ei^Ei'isw 



This way, the relevant contribution of this case to (1491 can be bounded 

by 

log(n+l) log(n+l) 

2 fe E E i(/.^)i 2 <2 fe ii/iii MOW E I U J 

3=0 /eXj 3=0 / e A'j 

log(n+l) 

<2 fc ||/||l M o(R) E l^l = 2 /c (l + log(n + l))||/||2 MO(M) |ir| 

3=0 

We have now proven the desired bound when k > 0. 



A CHARACTERIZATION OF COMPACTNESS FOR SINGULAR INTEGRALS 63 



For k < we reason as follows. The cardinality of Jfe >n is one and 
there are 2 J intervals / G Kj. But now, up to 2~ k different intervals 
/ of fixed size in the sum (HHD are associated with the same interval J 



and so, with the same coefficient (f,ipj). Then, their contribution in 
(135]) equals 

(50) £ min(2^,2- fc )|(/,^)| 2 

J £ Ik.n 
I C K 

where j is such that / G Kj and now the intervals J G Ifc >n appearing 
in the sum are pairwise different. Moreover, since |/| = 2 k \J\ and 
|/| = 2~ J '\K\ and k, K are given, we have that, for every fixed interval J, 
k and j are given by each other through the relationship 2 J+fc = |fT|/|J|. 

We separate the problem into the same two cases as before: J C 3K 
and J £ 3iT. 

1) As before, when J C K and J C 3K we have 

n < rdist(J, J) = diam( ' UJ) < ffl < 2 ^^ 2 

Therefore, j > logn — 2 — k and so, the contribution to the sum (I50p 
of this case can be bounded by 



E 



: min( n /4, 1) | (/, i-j) | 2 < 2-*|| / ||| MO(R) \K | 



JC3K 

2) On the other hand, for those J such that J ^ 3K we have that 

n + 1 > rdist(J, J) = diam( ' UJ) > ^ = 2^ fc 

and so j < log(n + 1) + k. Moreover, as previously stated, for fixed j 
up to 2~ k intervals / are associated with the same interval J and so, 
we calculate the union of those intervals J when varying / G Kj. If 
j > —k then, from the different 2 J intervals / G Kj, up to 2~ k of them 
are associated with the same interval J . Then, the union of those 
intervals J has measure 2^ /2~ k \J\ = \K\. On the other hand, when 
j < —k, there is only a single interval J associated with all intervals 
/ G Kj, which measures \J\ — \K\/2 k+ K Then, the union has measure 
at most max(2 _fc_: ', |. 

With all this, the contribution to sum (1501) can be estimated as fol- 
lows, 

log(n+l)+|fe| 

min(2^,2- fc ) ^ |(/,^)| 2 

3 = I e Kj 

J 6 Ik.n 



64 KARL-MIKAEL PERFEKT, PACO VILLARROYA, AND SANDRA POTT 



log(n+l)+|fe| 

< min(2^,2- fc )||/||l MO(R) | |J J 

3=0 I g Kj 



J 6 I k . 



log(n+l) + |fc| 

< II/IIImocr) E 2imin(l,2-^)ma X (2-^,l)|K| 
i=o 



log(n+l)+|fc| 

BMO(R) 



i=o 

= 2- fc (log(n + l) + |fc| + l)||/||2 MO(K) |ir| 
The proof of the proposition is finished. 

8.2. Proof of compactness. We start with the proof of endpoint 
compactness under the special cancellation conditions. 

Theorem 8.4. (Compactness on CMO(R) under special cancellation). 
Let T be a linear operator associated with a compact Calderon-Zygmund 
kernel K such that T satisfies the weak compactness condition and the 
special cancellation conditions T(l) = and T*(l) = 0. 

Then T can be extended to a compact operator on CMO(R). 

Proof. As in the proof of compactness on L P (IR), we make use of a 
wavelet basis (ipi)i<zTi with L 2 -normalized elements and the lagom pro- 
jection operator Pm defined by said basis. By Theorem 12.114 we need 
to prove that (P^{T{f)),g) tends to zero when M tends to infinity, 
uniformly for all f,g e <S(R) in the unit ball of CMO(M) and i^QR) 
respectively. 
We recall that 

(si) (p^(T(f)), g ) = £ (fM(gMmiUj) 

lev Jev c M 

and that for any e > there is Mx, e £ N such that 
\{T{<f>i), fi)\ < C(F(P, M T , e ) + e) 

for any interval / and any bump functions (pi, (fj adapted to / with 
constant C. Moreover, there is also Mq G N depending on e such that 
for any M > Mo, we have 

(1) F(Ii) Mx, e ) = F(h, . . . , J 6 ; M T>e ) < e when all U G V% 

(2) 2~ M5 M l l 2 < e 

In this situation, we are going to prove that 

\(Pii(T{f)),g)\<e 
with the implicit constant depending on 5 > and the wavelet basis. 
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We first parametrize the terms in (151 j) according to eccentricity and 
relative distance as in the proof of Theorem I6.1[ and obtain 

(52) (Pi: I (T(f)),9} = J2H £ (fM(9M(T(^iUj) 

eGZ nGN j e 7"GJ e ,„ 

where for fixed eccentricity e G Z, relative distance n G N and every 
given interval /, 

J e , n = {/ : |/| = 2 e \J\,n < rdist(JU J) < n + 1} 

In the remainder of this proof, we work to obtain bounds of (jolZj) 
when the sum runs over finite families of dyadic intervals in such way 
that the bounds are independent of the particular families. 

By Corollary 15.91 we have 

where h = I, I 2 = J, h = (I, J) , h = XiK max , I 5 = X 2 K max and 

Iq = \2K min . 

Now we separate the study into the same cases as we had before. 

1) We first consider the case when /j ^ Dm fo r all i. Then F(If, My ie ) < 
e, and by Cauchy's inequality, we can bound the contribution of the 
corresponding terms to (lo"2"|) by 

EE E E \mi)M\\(fM\\(gM\ 

eeZ nGN Jg <D% M l£Je,n 

(53) <eJ2T, 2 ~ lelil/2+S)n ~ il+S) E E \(fM\\(9M\ 

eSZ nGN j e T>l M l£Je,n 

Now, let f = | (/, ^/JlV'i and <? = ]T 7 I (SS ipi) {''Pi, so that (/, = 
| (/, ^j) | and similarly for g. Then, for any measurable set Q C R 2 we 
have 

ll^(/)ll! 2W = ^K/,^)l 2 = ll^(/)lli 2(K) 

;csi 

where Vn(f) = ^2j c n(f, ^1)^1 is the classical projection operator. 
Therefore ||/||bmo(r) = ||/||bmo(r) and, by a duality argument, ||#||zri( R ) = 
\\g\\m{9,)- 
With this, we have 

E E \<jm\\Mj)\< E E \<jm\\Mj)\ 

JG V% u l£Je,n J G V l£Jz,n 

= E £</.v*>&tM = (&£ E (/~^)^) 

JG© l£Je,n J&V IeJ e ,„ 

= (g,T e ,n(f)) < ||^||// 1 (K)||7 1 e,n(/)||BMO(R) 

< 2l e l/ 2 (log(n + 1) + |e| + 1) 1/2 ||/||bmo(r)||^||^(ir) 
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where the last inequality is due to Proposition 18.21 Notice also that 
log(n + 1) < 21ogn < 2Cn 5 / 2 for a constant C > large enough so 
that 5/2 > ^e 1 /*" with a universal implicit constant. 

This way, the relevant subsum of fl52|) can be bounded by a constant 
times 

e ^^ 2 H e l(W) n -(W) 2 | e |/ 2( i og(n+ i ) + | e | + i ) i/2|| / || BMO(R) | b || Hlw 

egZ neN 

< e ^2-N 5 |e| 1 /^n-^/ 2 )|| / || BMOW lkb 1W 

eGZ n>l 

< e ||/||BMO(R)||fl , ||H 1 (K) 

2) Now we consider the remaining cases. Actually, we will only 
explicitly include computations in the case that / G T>m- 

We separate the study into the three usual different cases: \J\ > 2 2M , 
\J\ < 2- 2M and rdist(J,B 2M ) > M. We deal with the first case. 

2.1) Whenever e > we have |/| > \ J\ > 2 2M and so / ^ V M which 
we need not consider. Whenever e < 0, we know that / e T>m implies 
2- M < \I\ < 2 M and rdist(J,B Af ) < M. 

Then, we have 2 e \J\ = \I\ < 2 M and so, 2 e < 2 M \J\- 1 < 2~ M . That 
is, e < —M. As before we bound the corresponding terms in (lo"2"l) by 

< j2 E 2He|(1/2+aV(1+5) ^ 

e < -Af n>l 

<( ^ 2H^| e |V^.-(^-^))|| / || BMO(R) ||,|| Hl(K) 

e < —M n>l 
< 2 _M<5 M 1/2 ||/|| B MO(IR)||fi , || J H' 1 (IR) < e H/||BMO(R)||fl , ||H 1 (lR) 

which finishes this case. 

It is clear that all remaining cases, 2.2), 2.3), 3), 4), 5) and 6) in the 
notation of Theorem 16.11 can be treated similarly. 

The general endpoint compactness result will be proven as soon as 
we show that the paraproducts T& and T fe * are compact as maps from 
L£ MO (R) to CMO(K). 

As in Proposition 17.11 we use a wavelet basis (ipi)iev of L 2 (M>) such 
that each ipi is an L 2 -normalized bump function supported and adapted 
to / with constant C and order N. Furthermore, we denote by a 
positive bump function supported in [—1/2, 1/2] with integral one, and 
let {4>i)i & t> be the family of bump functions defined by (pi = T c (i)V^(j). 
Each (f>j is an L 1 -normalized bump function adapted and supported in 
/. 
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Proposition 8.5. Given b G CMO(R) ; define the operators 

T b {f) = X>V>/)a0i>V>/ and T b *(f) = J2{bM(f^i}<t>i 
lev lev 

where ipi and (pi are as described above. 

Then T b and T b * can be extended to compact operators from Lq MO (IR) 
toCMO(M). 

Proof. For the proof of compactness of T b , it is sufficient to verify that 
(P£i(T b )(f),g) tends to zero for all / G CMO(M) n L°°(R) = Lg 3 MO (R) 
and g G <S(R), uniformly in the unit ball of L°°(R) and H 1 (R) respec- 
tively. By (145]) . we have 

(Pi I {T b ){f) ) g) = (T Hi{b) {f) ) g) 
Then, boundedness of T P ±^ from L°°(R) to BMO(R) implies 

\( P Al( T b)(f),g)\ i$ ||-Pi(&)||BMO(R)||/|U-(R)|bllfl-i(R) 

proving T b {f) to be compact from L^ M q (R) into CMO(R). 

The proof that T b * is compact from Lq MO (]R) to CMO(R) is similar. 
Since 

(P^(T*(f)),g) = (f,T b (P^(g))) = (/, T P , {b) {g)) = ((T^)* (f) , g) 

it follows by the classical boundedness of T* ± from L°°(R) to BMO(IR), 
that 

\(P^(T b *)(f),g}\ < \\Ph(b)\\BMO(R)\\f\\L^R)\\9\\HHU) 

This finishes the proof. 
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